Gradual rules and the approximation of control lawsDidier Dubois* — Michel Grabisch** — Henri Prade**Institut de Recherche en Informatique de Toulouse Universit� Paul Sabatier — C.N.R.S.118 route de Narbonne, 31062 Toulouse Cedex, France** Laboratoire Central de Recherche, Thomson CSF, Domaine de Corbeville, 91404 ORSAY Cedex, FranceAbstractThis paper focuses on the representation of a function f by means of a special kind of fuzzyrules, called gradual rules that express statements of the form "the more X is Ai, the more Z isCi". This representation agrees with the extension principle since the gradual rules thatrepresent the function can be chosen such that Ci = f(Ai) in the sense of the extension principle.Using a suitable fuzzy partition {Ai, i = 1,n} of the unidimensional domain of X, the logic ofgradual rules is shown to provide the same interpolation mechanism as Sugeno’s method forfuzzy control. More generally, it is shown that any one input-one output function f can berecovered from a set of gradual rules using a suitable partition. In the case of multiple input-oneoutput functions (corresponding, for two inputs, to gradual rules of the form "the more X is Aiand the more Y is Bi, the more Z is Ci"), only a bracketing approximation of f can berecovered. The locus of points where the logic of gradual rules recovers the original functionexactly is determined.In the case of two input conditions the interval braketting the exact valueof the function is calculated via a simple geometric construction. Besides, interpolation betweenill-located points, or parts of incompletely known functions is also discussed.7.1. IntroductionWith the success of fuzzy controllers, a lot of methods have been proposed that turn aset of parallel fuzzy rules relating numerical parameters into a continuous functioncorresponding to, e.g., a control law. Usually this is achieved by the choice of a multiple-valued logic for rule representation, and an operation that aggregates the rules in order to build afuzzy relation expressing them ; lastly a defuzzification operation enables a precise output to be

2obtained. Sugeno [1] (see also Sugeno and Nishida [2], Takagi and Sugeno [3], Uchino et al.[4]) has already noticed that this last step can be obviated by simply considering rules with aprecise conclusion part right away. Current practice in fuzzy control is still very much ad hocregarding the knowledge representation aspect. However, recent results indicate that, despitetheir lack of formal foundations, several approaches to the handling of fuzzy rules lead touniversal approximators of functions (Kosko [5], Wang [6], Buckley and Hayashi [7][8].Hence it makes sense to investigate how a given function can be practically represented by a setof fuzzy rules.Representing a (precise) function by means of fuzzy rules clearly requires someinterpolation method. However in most fuzzy reasoning methods, the interpolation property isobtained via defuzzification, i.e., is external to the inference process itself. An investigation intothe semantics of fuzzy ’if� then�" rules has been carried out by Dubois and Prade [9][10][11]. Special attention has been drawn on so-called "Gradual Rules" (Prade [12], Dubois andPrade [13]) which are good models of rules of the form "the more X is A, the more Z is C".The kind of multiple-valued implication adapted to this type of semantics has been laid bare. Inthis paper we show that fuzzy inference based on gradual rules genuinely models the process ofinterpolation, and is capable of bracketting a general class of functions. Gradual rules offer anatural and practical tool for turning a real function into a rule-based system that approximatesthis function. What is obtained as a result of the inference process is a bracketting of thefunction f, namely an interval U(X) that contain the value of f(X) for any value of the inputvector X. The construction of the set of fuzzy rules is based on the computation of the fuzzyimage of the elements of the fuzzy partition of the input space by means of Zadeh [14][15]’sextension principle. The approach proposed in the paper is due to a fundamental coherencebetween gradual rules and the calculus of fuzzy intervals as defined by the extension principle.This paper revises and expands the contents of two previous notes by the authors (Dubois,Grabisch and Prade [16][17]).The paper is organized as follows : after recalling the basics of fuzzy arithmetics andgradual rules, we focus on the approximations of one input-one output functions. We show thatthe logic of gradual rules is such that any continuous function which is monotonic on intervalscan be recovered exactly by a fuzzy rule-based system where the rules are computed by theextension principle. This result is similar to but more general than the one of Lee and Chae [18]who moreover use Mamdani [19] defuzzification method (i.e., external interpolation). Weshow that linear interpolation is a special case of gradual rule interpolation, that coincides withSugeno’s fuzzy control method with fixed outputs. These results are extended in twodirections. First we consider interpolation between known parts of a function and betweenfuzzily located elements of the graph of a function. Next, we consider the case of n-input1-output functions and how to approximate them by fuzzy rule systems. We suggest that

3recovering the function exactly is impossible when n > 1, but only bracketting approximationscan be attained. Some simulation results are given.7.2. Fuzzy Intervals : A RefresherThe extension principle [14][15] enables the image f(A) of a fuzzy set A via a function ffrom a set X to a set Z to be computed as" z ˛ Z, mf(A)(z)= supx:z=f(x) mA(x)= 0 if dx, z = f(x).(1)When A is a crisp set, (1) reduces to the usual extension of a function to set-valuedarguments f(A) = {z, $ x ˛ A, z = f(x)}. It is in agreement with possibility theory (see Duboisand Prade [20]). If f is bijective" z ˛ Z, mf(A)(z) = mA(f—1(z)).(2)When the function f has several arguments x1, x2, �, xn an interesting situation is when thefuzzy set A is separable, so that A is a fuzzy Cartesian product A1 · A2 ·� · An withmembership function mA1 * mA2 *� * mAn where * is a triangular norm which modelsconjunctions in fuzzy set theory; see Dubois and Prade [20] for instance. Then the extensionprinciple reads:mf(A)(z) = sup{mA1(x1) * mA2(x2) *� * mAn(xn) | f(x1, x2, �, xn) = z}(3)which is an interactive form of the extension principle (see, e.g., Dubois and Prade [21]). Inthis paper, we will often restrict to the non-interactive case, i.e., * = min.A fuzzy interval M is simply a fuzzy set of the real line such that mM(x) = 1 for some x,and whose a-cuts Ma = {x, mM(x) ‡ a} are closed intervals. The membership function of afuzzy interval is thus upper semi-continuous (u.s.c.).The calculus of fuzzy intervals is based onthe extension principle applied to real-valued real functions. Using u.s.c. fuzzy intervals M weare sure that any level cut f(M)a of f(M) is equal to the image of the corresponding level cutMa of M through f when f is continuous. Let the interval (Mi)a be denoted [m—i(a), m+i(a)].As all our discussion is based on the extension principle, we will frequently use the followingresult from Dubois and Prade [21].

4Proposition : Let M1, �, Mn be u.s.c. fuzzy intervals whose supports are bounded. Let f :rn fi r be a continuous, non decreasing function with respect to each of its arguments. Then,in the non-interactive case (* = min), the image of M1, �, Mn by f is an upper semi-continuous fuzzy interval whose a-cuts are :[f(M1, Mn)]a = [f(m—1(a), �, m—n(a)), f(m+1(a), �, m+n(a))](4)for every a in (0,1].7.3. Gradual RulesThe concept of a gradual rule stems from the desire to understand the meaning of fuzzyrules of the form "if X ˛ A then Z ˛ C" where both A and C are fuzzy sets. Since membershipis a matter of degree it follows that the rule must be used by first computing the degree ofmembership mA(x0) when X = x0, and then this degree should be used to infer somethingabout Z, through some modification of C. Gradual rules correspond to the case when the rulemeans "the more X belongs to A, the more Z belongs to C", i.e., if a = mA(x0) then mC(z) ‡ �where � is increasing with a. For simplicity (and provided a suitable choice of mC) one mayadmit that � = a. A gradual rule (A,C) relating two sets X and Z is thus characterized by asubset R of X · Z (a relation) containing the values (x,z) such that mC(z) ‡ mA(x).A gradual rule can also be viewed as a collection of crisp rules of the form {if X ˛ Aathen Z ˛ Ca | a ˛ (0,1]} where Aa and Ca are the a-level cuts of A and C. The relation that acrisp rule induces is �A�a ¨ Ca where the overbar denotes complementation and ¨ the DeMorgan dual of the Cartesian product. The relation equivalent to this set of rules is�a˛(0,1] (�A�a ¨ Ca). It turns out to be the same as the relation R that characterizes thegradual rule, that isR

Missing MathType’s Belmont font.

= �a˛(0,1] (�A�a ¨ Ca).(5)Proof : Suppose (x,z) is such that mC(z) ‡ mA(x) = a. Then " b > a, x ˇ Ab, hence (x,z) ˛�Ab ¨ Cb. Now " b £ a, z ˛ Cb hence (x,z) ˛ �Ab ¨ Cb, " b ˛ [0,1]. Conversely assumemC(z) < mA(x), and let a be such that mC(z) < a £ mA(x) then x ˛ Aa and z ˇ Ca hence(x,z) ˇ �Aa ¨ Ca.tGradual rules can be modelled by means of a multiple-valued logic implication fi suchthat a fi c = 1 if a £ c, and a fi c = 0 otherwise ; and we have mR = mA fi mC. This

5implication has been first considered by Rescher (see Gaines [22]) and was noticed by Fukamiet al. [23] as capable of carrying linguistic hedges from conditions over to conclusions. In factthis implication is the natural logical counterpart of Zadeh [14]’s definition of fuzzy setinclusion as F ˝ G � mF £ mG and is associated with the min-based definition of theintersection. Indeed let F fi G = {x, mF(x) £ mG(x)} then it is obvious that x ˛ F fi G if andonly if mF˙G(x) = min(mF(x),mG(x)) = mF(x). The usefulness of this implication for themodeling of gradual rules has been pointed out by Prade [12]. Properties of gradual rules arestudied in Dubois and Prade [13].The core of a fuzzy set contains all elements with membership 1 and the supportcontains all elements with positive membership. It is easy to verify that the crisp relation (5)also corresponds to the core of any fuzzy relation mR’ = mA *fi mC where *fi is a residuatedimplication of the form mR’(x,z) = sup{d ˛ [0,1] | mA(x) * d £ mC(z)}, where * is a triangularnorm. Indeed the only case when d = 1 is when mC(z) ‡ mA(x). In the case where * = min, fiis G�del implication, i.e., a fi c = 1 if a £ c and a fi c = c if a > c.Using the Rescher-Gaines implication the relation modelling gradual rules can also beexpressed as :{f : "x, mC(f(x)) ‡ mA(x)}(6)where f is any function X fi Z which is compatible with the gradual rule. This set offunctions is {f ˛ R} as defined in (5). In other words, f is a function with a fuzzy domain anda fuzzy range, in the sense of Negoita and Ralescu [24]. Changing f into a fuzzy relation leadsto the fuzzy approach to gradual rules, whereby we look for a fuzzy relation that represents therule, i.e., (6) generalizes intomA(x) * mR’(x,z) £ mC(z)(7)R’ is the fuzzy constraint equivalent to a gradual rule. The least committed (hence greatest )solution to (7) is mR’ = mA *fi mC as given by the above residuated implication. When * =min, we get mR’(x,z) = 1 if mA(x) £ mC(z) and mC(z) otherwise, i.e., G�del implication. Thecore of R’ is R as defined by (5) but its support is larger generally.7.4. Inference with Gradual Rules

6Inference with a gradual rule (A,C) under a crisp input X = x0 can be expressed by thefollowing pattern :X = x0the more X is A, the more Z is C�Z ˛ Ca, where a = mA(x0).In other words, the output is not fuzzy, but imprecise, and all the more imprecise as mA(x0) islow. One way of improving the precision would be to consider gradual equivalences. Indeedthe rule "the more X is A, the more Z is C" is not equivalent to the converse rule "the more Z isC, the more X is A", but we may consider both rules together. The corresponding relation is{(x,z) | mC(z) = mA(x)}. Then the result of the inference would be reduced to {z | mC(z) =mA(x0)}, i.e., in the case of fuzzy intervals, to one or two values for z. We may also think ofan approximate equivalence by considering the relation {(x,z), |mC(z) — mA(x)| £ e} wheresome tolerance is allowed on the equality.In practice more than one rule is useful. A set of fuzzy rules is usually built on the basisof a fuzzy partition of the input set X. There are several possible definitions of a fuzzypartition ; here we shall assume i) that the supports of A1, �, An form a coverage of X, ii)that their cores (i.e., the set of elements with membership 1) are pairwise disjoint, and iii) whenX is an interval, that they are ordered in the sense that " i > j,

max(Ai,Aj) = Ai where max isthe maximum function extended to fuzzy arguments in the sense of the extension principle (see,e.g., [21]) ; it means that all level cuts (Ai)a = [a—i(a),a+i(a)] are such that a—i(a) ‡ a—j(a)and a+i(a) ‡ a+j(a), " i > j. When condition iii) holds the partition is said to be ordered. Amore demanding notion of fuzzy partition is when "x, mAi(x) + mAi+1(x) = 1, " i = 1,n — 1.Let us call it a strong fuzzy partition. It means that each element of is covered by at least oneand at most two consecutive fuzzy intervals. This is usual in fuzzy control applications.Now consider a set of gradual rules {(Ai,Ci), i = 1,n}. If Ri is the crisp subset ofX · Z equivalent to rule i, then the set of gradual rules is equivalent to the intersection�i=1,n Ri ( since the set of rules is equivalent to (x,z) ˛ Ri for all rules i). This way ofaggregating fuzzy rules is strikingly different from the method of Mamdani [19], that comesdown to perform a disjonction. The pattern of inference becomesX = x0{the more X is Ai, the more Z is Ci, i = 1,n}�Z ˛ U(x0) = �i=1,n (Ci)ai where ai = mAi(x0), i = 1,n.

7This is Zadeh [25]’s approximate reasoning approach applied to a set of gradual rules and aprecise input. Clearly, the result of the inference is more precise with several rules than with asingle one, in general. However it may be empty as well when the gradual rules areinconsistent.The consistency of a set of fuzzy rules has been defined by Dubois et al. [26] in thecontext of G�del implication. These results carry over to Rescher-Gaines implication since itretains its non-fuzzy part only. A set of gradual rules {(Ai,Ci) | i = 1,n} is said to be consistentif and only if " x ˛ X, $ z ˛ Z, (x,z) ˛ �i=1,nRi. This means that"x, {z, mAi(x) £ mCi(z),"i s.t. x ˛Support(Ai)} „ fl.(8)A sufficient (but too strong condition) is that "i,j, Support(Ai ˙ Aj) „ fl � Core(Ci ˙ Cj) „fl, together with similar entailments for intersections of any tuples of Ai’s and of correspondingCi’s [26]. The weaker condition height(Ai ˙ Aj) £ height(Ci ˙ Cj), "i,j, is only necessary, buttoo weak to ensure consistency (where height(F) = supx mF(x)). For instance, as shown byFigure 1, for n = 2, and triangular membership functions, (8) can still be violated even if thisnecessary condition holds. Indeed it can be seen that $x0, dz, mC1(z) ‡ mA1(x0) and mC2(z) ‡mA2(x0).

1010A1A2C1C2height(A1 ˙ A2)height(C1 ˙ C2)

(C1)mA1(x0)(C2)mA2(x0)

xyx0Figure 1 : Inconsistent fuzzy rulesSee (Dubois and Prade [27]) for a more detailed study of the consistency of a set of fuzzy rulesin the face of an input X = {x0}.

8An interesting case of consistency is when the inferred set of values U(x0) contains onlyone element {z0}. It is worth considering because in that case no defuzzification is needed tosupplement fuzzy inference. A set of gradual rules will be called definite if and only if" x ˛ X, U(x) is reduced to a singleton. The set of gradual rules then determines a uniquefunction.An example of definite set of gradual rules is obtained when {A1, �, An} forms astrong fuzzy partition of X made of triangular fuzzy numbers, that is, fuzzy intervals such thatCore(Ai) = {ai}, Support(Ai) = [ai—1,ai+1] with a0 = a1, an+1 = an, and similarly for the set{C1, �, Cn} as shown in Figure 2. Then the gradual rules "the more X is Ai, the more Z isCi" can be interpreted as "the closer X is to ai, the closer Z is to ci". But the fuzzy numbersneed not be triangular in general as seen later in this paper. Note that in this case it can bechecked that the consistency condition (8) holds. Moreover remember we have " x ˛ [ai—1,ai],mAi—1(x) + mAi(x) = 1, " i = 2,n and similarly for the Ci’s. As pointed out by Dubois andPrade [28][29], if x0 ˛ [ai,ai+1] then U(x0) reduces to a singleton, namely,U(x0) = (Ci)ai ˙ (Ci+1)ai+1 =

ai Æ ci + ai+1 Æ ci+1ai + ai+1where ai = mAi(x0), ai+1 = mAi+1(x0) and where Rescher-Gaines’ implication is used formodelling gradual rules. To verify this result, note thatz ˛ U(x0) iff mCi+1(z) ‡ ai+1 and mCi(z) ‡ ai.XY10Ai+1CiCi+1ci+1ciaiai+1ai+1aix0cai+1 fi Ci+1ai fi CiAi

Figure 2 : The core of (ai fi Ci) ˙ (ai+1 fi Ci+1) is the result of a linear interpolationBut since mCi+1(z) + mCi(z) = ai+1 + ai = 1, there is a single value z such that z ˛U(x0) and it is such that z = m—1Ci(ai) = m—1Ci+1(ai+1) on [ci,ci+1]. Particularly, if Ai+1,Ai, Ci, Ci+1 have triangular shapes, U(x0) is exactly the result of a linear interpolation, i.e.,

9z = ai+1 � ci+1 + ai � ci (see Figure 2) ; it corresponds to Sugeno and Nishida [2]’s inferencemethod where the conclusion parts of the rules are precise values ci and where a linearinterpolation is performed between the points (ai,ci) and (ai+1,ci+1) on the basis of the degreesof matching ai = mAi(x0). Hence gradual rules do model interpolation, linear interpolationbeing retrieved as a particular case. This result contrasts with Mamdani’s fuzzy reasoningmethod which, on the basis of the same fuzzy rules as above leads to a non-linear interpolation,when the method of the center of area is used for defuzzification. Such non-linearity is just aby-product of the approach and is not really controllable. However, gradual rules can modelnon-linear interpolation as well, and as proved now, any kind of non-linear interpolation.7.5. Representing Real-Valued Functions by Gradual Rules :One-Place FunctionsLet X and Z be real intervals taken as reference sets and let f be a mapping from X toZ. In the sequel, we will restrict to the case of gradual rules involving u.s.c. fuzzy intervals. Acanonical way of generating a set of fuzzy rules that are likely to represent f is as follows :i)Consider a set of fuzzy intervals {A1,�, An} on X, which form a fuzzy partition of X.ii)For each Ai, compute the fuzzy image f(Ai) via the extension principle.It is then natural to consider the set of rules{"if X is Ai then Z is Ci", i = 1,n}where Ci = f(Ai) as a reasonable approximate representation of the function f. When the Ai’sare standard intervals of the form [xi—1,xi], i = 2,n the set of rules so obtained corresponds to amultiple-valued mapping G such that G(x) = Ci, " x ˛ Ai, i = 1,n. In that case there is a clearloss of information, in the sense that there is no way of recovering f from the knowledge of G.In the fuzzy case, our suggestion is that, provided that the intervals Ai are suitably chosen, theset of fuzzy rules contains much more information that sometimes enables us to recover f fromthe relation R that models the gradual rules. To indicate that there exist cases where such a thingis possible, assume that f is strictly increasing from X to Z, n = 1, mA1 is strictly increasing,as well as mC1 then consider mC1—1 � mA1 :

Missing MathType’s Belmont font.

10applying (2) since C1 = f(A1). Hence f is equivalent to the pair (A1,C1). In the following weprove this equivalence with more than one rule of the form {"if X is Ai then Z is f(Ai)",i = 1,n} and establish that it requires that these rules should be interpreted as gradual rules.Such an example was given in the previous section.Consider again a function f from X to Z, and a pair of fuzzy sets A and C on X andZ, such that C = f(A) through the extension principle. Let us consider the gradual rule "themore X is A, the more Z is C" and its mathematical model (6). A crucial point is to realize that(6) is another way of expressing the extension principle since letting z = f(x), (6) writesmC(z) ‡ mA(x), "x s.t. f(x) = z.(9)In other words, if f and A are given (instead of A and C), then (9) is satisfied whenever C =f(A) in the sense of the extension principle. To summarize, computing f(A) where A is a fuzzynumber is equivalent to the statement "if X ˛ A then Z ˛ f(A)" in the sense of a gradual rule.The fact that the pair (A,C), where C = f(A), retains information about f is expressed bythe fact x ˛ Aa � f(x) ˛ Ca for any a-cuts (Aa,Ca). Clearly, if there are many different a-cuts Aa, the pair (A,C) contains much more information about f than a crisp pair (A,C) would.More generally a set R of gradual rules {(Ai,Ci), i = 1,n} is said to be sound with respect to afunction f : X fi Z if and only if " x ˛ X, f(x) ˛ U(x) where U(x) is the set of valuesinferred from R. When "x, U(x) = {f(x)}, R is said to be complete with respect to f.The above tight link between gradual rules and the extension principle leads us to statethe following result.Theorem 1 : Let f be a function X fi Z and R = {(Ai,Ci), i = 1,n} be a set of gradualrules such that "i, Ci = f(Ai) ; then R is consistent and sound with respect to f.Proof : Since Ci = f(Ai) any pair (x, f(x)) is such that mCi(f(x)) ‡ mAi(x) for all i = 1,n (see(9)). Hence f(x) ˛ (Ci)ai for ai = mAi(x), " i = 1,�,n and R is consistent. Moreover f(x) ˛U(x) follows.tLet us assume now that the fuzzy sets Ai are fuzzy numbers that form an ordered fuzzy partitionin the sense of Section 4. Moreover we shall assume that mAi is continuous and strictlyincreasing on [inf Support(Ai), ai] and strictly decreasing on [ai, sup Support(ai)]. These fuzzynumbers will be called strict. Lastly, remember the interval (Ai)a is denoted [a—i(a),a+i(a)].

11Theorem 2 : Let f be a monotonically increasing function X fi Z and R be a set of gradualrules {(Ai,Ci), i = 1,n} where {A1, �, An} forms a fuzzy partition of strict fuzzy numberswith Core(Ai) = {ai} ; assume that "i, Ci = f(Ai). If "i, [ai—1,ai+1] ˝ Support(Ai)(overlapping condition) then R is consistent and complete with respect to f.Proof : Because of the fuzzy partition assumption, " x ˛ X, $Ai such that mAi(x) > 0.Moreover there is more than one such Ai due to "i, [ai—1,ai+1] ˝ S(Ai). Let I(x) ={Ai | mAi(x) > 0}, I—(x) = {Ai ˛ I(x), x £ ai}, and I+(x) = {Ai ˛ I(x), x ‡ ai}. The previouscondition implies that I+(x) „ fl and I—(x) „ fl. I(x) = I+(x) ¨ I—(x) corresponds to the set oftriggered rules. If Ai ˛ I—(x) then the output of rule i is(Ci)ai = [f(Ai)]ai = f((Ai)ai) = f([x, a+i(ai)])since mAi(x) = ai, and because mAi is increasing and continuous at point x. Now since f ismonotonically increasing (Ci)ai = [f(x),f(a+i(ai)]. Similarly it can be proved that if Ai ˛ I+(x),(Ci)ai = [f(a—i(ai)), f(x)]. Hence the output U(x) to the set of gradual rules isU(x) = �i=1,n (Ci)ai= [f(x), mini˛I—(x) f(a+i(ai))] ˙ [maxi˛I+(x) f(a—i(ai)), f(x)]= {f(x)}tNote that when I+(x) „ fl but I—(x) = fl, then generally the output U(x) will be a regularinterval upper bounded by f(x). To catch f(x) itself, we must then consider the triggered rulesas gradual equivalences. When the Ai and Ci are triangular fuzzy numbers and "i,Support(Ai) = [ai—1,ai+1], Support(Ci) = [ci—1,ci+1], then U(x) exactly yields the result oflinear interpolation and is also the result of Sugeno [1]’s inference method as pointed out in theprevious section. It is obvious that the same result holds for any strictly decreasing functiontoo. In the general case of a continuous function, it is sufficient to partition X into domains Disuch that f is monotonic on each Di. Then, if fuzzy sets Ai are placed in a suitable way, i.e.,such that the boundaries of Di coincide with cores of Ai, the theorem still holds. Similar resultswith different fuzzy inference methods have been obtained by Lee and Chae [18], and Bauer etal. [30].7.6. Filling Gaps by Means of InterpolationIn the preceding sections, it has been shown that approximate reasoning based ongradual rules of the form "the closer X is to ai, the closer Z is to ci" provides an interpolation

12mechanism between precise points (ai,ci) belonging for sure to the graph of an unknownfunction. We may think of extending the method to situations where either continuous parts ofthe graph of the function are known for sure (rather than just points), or where we only knowareas which for sure contain points of the graph.7.6.1. Interpolation Between Known Parts of a FunctionFuzzy rules of the form "if x is Ai then z = gi(x)" (where Ai is a fuzzy set) are oftenencountered in fuzzy control, especially linear functions of the form gi(x) = ci + c’i Æ x [1].Viewed as gradual rules, their intended meaning is "the closer X to core(Ai), the closer Z to thevalue of the function gi in X" and their treatment does not formally differ from gradual ruleswhere gi(x) = ci, "x. Note that each function gi has here to be defined on the whole support ofAi. Besides, if X ˛ core(Ai), then we have Z = gi(X) exactly and precisely (provided thatcore(Ai) ˙ support(Ai+1) = fl, "i, i.e., only rule number i is applicable). This means that ifthe core of Ai does not reduce to a singleton (as it was the case with triangular membershipfunctions), we precisely know segments of the function to be synthesized from the gradualrules.

zx10 core(Ai)core(Ai+1) fifi+1

Figure 3Suppose now that only pieces of the graph of a function f(x) are known ; namely " x ˛Dk, f(x) = fk(x), k = 1,m, with Di ˙ Dj = fl, "i,j, and " x ˇ »kDk, f(x) is unknown. Let usintroduce the fuzzy partition {Ai, i = 1,n} where the Ai’s are trapezoidal fuzzy sets such that

13core(Ai) = Di and the support of Ai is delimited by the bounds of the cores of Ai—1 and Ai+1 asin Figure 3 (the Di are supposed to be increasingly ordered). Then the function can beinterpolated between core(Ai) and core(Ai+1) using the gradual rule mechanism, taking f(x) =fi(x) if x ˛ core(Ai) = [

ai,ai], and f(x) equal to the limited expansion of the function fi in theneighborhood of ai (resp. :

ai) if x £ ai, (resp. : if x ‡ ai). For instance, if x £ ai, we take fi(x)= fi( ai) + c’i(x — ai). The gradual rule mechanism performs an interpolation between the limited expansionsof fi and fi+1 in the interval between sup[core(Ai)] and inf[core(Ai+1)] respectively as picturedin Figure 3. The meaning of the gradual rules is there, "the closer X to the core of Ai, the closerZ to the value of a limited expansion of function fi in this neigborhood". This provides agradual rule view of Sugeno [1]’s approach when (linear) functions are used in the conclusionpart of the fuzzy rules. Namely, in the interpolation process, limited expansions of the functionin the neighborhood of known points of the function are also supposed to be available and aretaken into account.7.6.2. Interpolation Between Fuzzy PointsLet us now consider the case where we only know a function f (to be described by thecollection of rules) by means of patches of the form core(Ai) · core(Ci) = [

ai,ai] · [ ci,ci], i.e.,we consider the crisp case first when points of the function are located in classical subsets. Thepairs (core(Ai), core(Ci)), if they do not overlap, only provide an imprecise and sparsedescription of f. See Figure 4. Such sparsely described mappings have been consideredrecently by Koczy and Hirota [31][32][33], who explicitly refer to distances in order toimplement interpolative reasoning between the sparse pieces of knowledge.In the following we outline possible methods which capture the idea of closenesswithout the explicit use of a distance, taking advantage of the fact that a fuzzy set membershipfunction naturally expresses a form of closeness to the core of the fuzzy set. We may think oftwo different approaches :i)a first one consists in considering the convex hull of all the linear interpolations between apoint in core(Ai) · core(Ci) and a point in core(Ai+1) · core(Ci+1). See Figure 4. It leads toassociate with X = x0 an interval [a

ci + (1 — a) ci+1, a’ ci + (1 — a’) ci+1] where a and a’are defined, in case of Figure 4, by x0 = a ai + (1 — a) ai+1 = a’ ai + (1 — a’) ai+1. Note thatthese formulas reflect the relative positions of the (Ai,Ci)’s in Figure 4. This approach canbe straightforwardly extended to the level-cuts of Ai and Ci ;

14ii)another approach, viewing Ci as the image by f of Ai, i.e., Ci = f(Ai), "i, consists inperforming an interpolation, for instance a linear one. It leads to compute aCi +(1 — a ) C i + 1 . Considering only the core of Ci, this is equal to a " [

ci,ci] +(1 — a")[ ci+1, ci+1] = [a" ci + (1 — a") ci+1, a" ci+1] where a" = mAi(x0) andAi is a trapezoidal fuzzy set whose support is delimited by the cores of Ai—1 and Ai+1, as inFigure 4. It can be checked that a ‡ a" ‡ a’. Thus the first approach leads to an intervalassociated with x0 which is larger than the one obtained with the second approach. Notethat f(aAi ¯ (1 — a)Aj) = af(Ai) ¯ (1 — a)f(Aj), in the sense of the extension principle,only if f is a linear function. Indeedsupt=f(z) supz=ax+(1—a)y min(mAi(x),mAi+1(y))= supt=au+(1—a)v min(supu=f(x) mAi(x), supv=f(y) mAi+1(y))if f(ax + (1 — a)y) = af(x) + (1 — a)f(g).

zx11/20 ai+1aiaiai+1core(Ai)core(Ai+1)

acici+1ci+1cix0Second method

Figure 4 : Two interpolation methods for imprecise dataThe first approach which is more cautious, can be preferred. The second approach doesnot depend on the size of core(Ai), core(Ai+1). It is an interpolation between the fuzzy points( ai, core(Ci)) and ( ai+1, core(Ci+1)) in the sense of Lowen [34]. It is interesting to notice thatthe two approaches correspond to different understandings of (x, f(x)) ˛ Ai · Ci which already

15exist in the crisp case. Namely, it corresponds to $ x ˛ Ai, f(x) ˛ Ci in the first approach, andto " x ˛ Ai, f(x) ˛ Ci in the second approach, which is then extended to fuzzy sets. Indeed, inthe second approach f(x) is supposed to lie in Ci when x lies in Ai. In terms of a relation Rpartially described by the pairs (Ai,Ci), i = 1,n, the first interpolation method comes down toassuming Ai · Ci ˝ R, "i, while the second one assumes that the image R � Ai of Ai throughR is in Ci, i.e., Ri � Ai ˝ Ci, " i = 1,n. Both approaches reduce to classical interpolation inthe case of precisely located points. The first approach really corresponds to the idea of an ill-located point, while the second view refers to an incomplete knowledge of the value of thefunction when x ranges in Ai. Clearly, these are two very different pieces of information, thesecond one being richer.7.7. Approximations of n-Place Real FunctionsIn Section 5, we showed that one-place functions can be recovered exactly by a set ofgradual rules, using the extension principle. The case of higher dimensional functions turns outto be more tricky, and only a bracketting of the function can be obtained. Although all theforecoming results can be shown for any dimension, we will present theorems and their proofsin the two dimensional case, for sake of readability. We will indicate how to generalize them. Inthis section we consider gradual rules with two conditions, of the form "if X is Ai and Y is Bjthen Z is Cij". The conjunction "and" will be modelled by a triangular norm *, so that the crisprelation equivalent to such a rule is defined byRij = {(x,y,z) | mAi(x) * mBj(y) £ mCij(z)}.In fact, one may use operations * that differ from triangular norms, for instance an averagingoperation, like the arithmetic mean, if the two conditions of the rule admit a compensatoryaggregation, this suggesting a non-logical view of the "and". The output to a gradual ruletriggered by a crisp input (x0,y0) will now be (Cij)ai*bj with ai = mAi(x0), bj = mBj(y0), andthe output to a set of n.m such gradual rules will be of the form �i=1,n,j=1,m (Cij)ai*bj. Thedefinition of consistency carries over to 2-input rules.If f is a mapping X · Y fi Z consistent with a gradual rule then the inequality (8)becomesmAi(x) * mBj(y) £ mCij(f(x,y)).(10)

16This indicates that the choice of the t-norm * relating the conditions determines the form of theextension principle consistent with the gradual rules. Particularly, (10) is equivalent to thegradual rule "the more X is Ai and the more Y is Bj, then the more Z is f(Ai,Bj)" provided thatmf(Ai,Bj)(z) = sup{mAi(x) * mBj(y) | f(x,y) = z}(11) In the theoretical part, we will restrict to the non-interactive case, i.e., * = min.The soundness property with respect to f of any set of 2-input gradual rules{(Ai,Bj,Cij), i = 1,n}, where Cij = f(Ai,Bj) obviously holds (Theorem 1), since it requires noconstraint on the condition space. The completeness theorem is more tricky to obtain andgenerally cannot hold. Namely, in the case of multi-dimensional functions, we cannot exactlyrecover the function by a finite set of gradual rules. This is easy to understand considering thefact that even if f is (strictly) increasing, f—1(z) is no more uniquely determined. In fact, comingback to the proof of Theorem 2, we see that the crucial point is that for any x0 in Ai, f(x0) isnecessarily at one border of the output Ui because mf(Ai)(f(x0)) = mAi(x0). But for two-dimensional functions, since f—1(z) is not unique, mf(Ai,Bj)(f(x0,y0)) = sup(x,y)|f(x,y)=f(x0,y0)mAi(x) * mBj(y) is in general different from mAi(x0) * mBj(y0). Consequently, f(x0,y0)generally lays inside the output Uij.We try now to characterize more precisely this property. We say that a family {Ai} ofu.s.c. fuzzy intervals has a covering coefficient g when �i mAi(x) = g, " x ˛ X. Let us showthat in some sense, the covering coefficient is preserved by the extension principle. Twofamilies {Ai}i˛I, and {Bj}j˛J are said to be homomorphic if and only if for every x ˛ X,with, say mAi(x), mAi+1(x), �, mAi+m(x) > 0, "j, $ y ˛ Y such that mBj(y) = mAi(x), �,mBj+m(y) = mAi+m(x) and x £ inf core(Ai+ł) if and only if y £ inf core(Bi+ł), ł = 0,m.Theorem 3 : Let {Ai}i˛I, {Bj}j˛J be two ordered fuzzy partitions (in the sense of Section 4)of u.s.c. fuzzy intervals on X and Y respectively, and f be a non decreasing function fromX · Y to Z. If {Ai}i˛I and {Bj}j˛J have a covering coefficient g ‡ 1, and are homomorphicfamilies, then the families {f(Ai+ł, Bj+ł)}ł=0,� are fuzzy partitions of u.s.c. fuzzy intervalson Z, with covering coefficient g.Proof : Let x be given, and assume that mAi(x), �, mAi+m(x) > 0. Choose a Bj and a y ˛ Ys.t. mBj(y) = mAi(x) = a0, �, mBj+m(y) = mAi+m(x) = am, which is always possible byhypothesis. Then, using the proposition in Section 2, f(x,y) is either the upper or lower boundof the closed interval [Ci+k,j+k]ak, k = 0, �, m. This implies that mCi+k,j+k(f(x,y)) = ak

17for every k ˛ {0, �, m} since by hypothesis x = a—i+k(ak) � y = b—i+k(ak) and x =a+i+k(ak) � y = b+i+k(ak). But �k=0,m ak = g by hypothesis. The result is valid for everyx such that mAi(x), �, mAi+m(x) > 0. For other x, the index i changes, but g beingindependent of i, the result holds. The fact that {f(Ai+ł,Bj+ł)}ł is a fuzzy partition of u.s.c.fuzzy intervals can be checked as follows :—the family covers the interval [f(

ai,bj), f( ai,bj)] � Z where ai (resp. :

ai) denotes the lowerbound of Ai (resp. : upper bound), similarly for bj,bj. (So, strictly speaking, the family isnot a partition of the whole Z) ;—core are disjoints : for any f(x,y) ˛ Z, the ak defined above are the same than those on Xand Y. Consequently, if two cores are not disjoint on Z (i.e., $k,ł s.t. ak = ał = 1)necessarily there will be also two non-disjoint cores in X and Y, which is impossible byhypothesis ;—the family is ordered : this is clear from the monotonicity of f by virtue of fuzzy intervalcalculus ;—the f(Ai+ł, Bj+ł) are u.s.c. fuzzy intervals from the proposition in Section 2.tObviously, two identical families are homomorphic, but there are many other cases. Forexample, if {Ai}i˛I is a family of triangular fuzzy intervals with g ‡ 1, whose coordinates areai (lower bound of support), bi (center), ci (upper bound of support), then the family {A’i}i˛Iwith a’i = g(ai), b’i = g(bi), c’i = g(ci), "i, with g being any continuous function, ishomomorphic to {Ai}i˛I.We give now a necessary and sufficient condition for having an exact approximation:Theorem 4 : Let {Ai}i˛I, {Bj}j˛J be two fuzzy partitions of u.s.c. fuzzy intervals on X,Y respectively, and f a strictly increasing function from X · Y to Z. Let us consider aparticular (x,y) in X · Y, and denote by {Ai}i˛I+ (resp. : {Ai}i˛I—) the families of fuzzysets such that mAi(x) > 0, and core(Ai) £ x (resp. : core(Ai) ‡ x), and similarly for y. Then :U(x,y) = {f(x,y)} � $ i ˛ I—, i’ ˛ I+, j ˛ J—, j’ ˛ J+such that mAi(x) = mBj(y) and mAi’(x) = mBj’(y).Proof : Let us consider two fuzzy intervals A, B in {Ai}i˛I, {Bj}j˛J respectively. For agiven (x,y), the following cases can happen :Case 1 : x and y are both at the right of core(A), and core(B), i.e., A ˛ I+, B ˛ J+ (see Figure5). Assume without loss of generality that b = mB(y) < a = mA(x), and denote the output of therule "if X is A and Y is B then Z is f(A,B)" by U(x,y) = [z1,z2] = f(A,B)b = [f(a—(b),b—(b)),

18f(a+(b),b+(b))] by virtue of fuzzy interval calculus. We have : z1 = f(a—(b),b—(b)) < f(x,y),and z2 = f(a+(b),y) > f(x,y) since a+(b) > a+(a) = x. It is clear that z2 = f(x,y) if and only ifa+(b) = x if and only if mA(x) = mB(y). But remark that z1 < f(x,y) anyway.Case 2 : x and y are on the left of core(A), core(B) that is A ˛ I—, B ˛ J—. Similarly, we candeduce thatz1 = f(x,y) � mA(x) = mB(y)and z2 > f(x,y).

1100abxya—(b)a+(b)b—(b)AB

Figure 5 : A ˛ I+, B ˛ J+Case 3 : x is on the left of core(A), and y is on the right of core(B) (or the converse), i.e.,A ˛ I—, B ˛ J+ (see Figure 6).

Figure 6 : A ˛ I+, B ˛ J—Assume without loss of generality that b = mB(y) < a = mA(x). We have :

19z1 = f(a—(b), b—(b)) < f(x,y), z2 = f(a+(b),y) > f(x,y).In this case, whatever the values a, b one gets z1 < f(x,y) and z2 > f(x,y), since x and y arenot on the same side with respect to the cores.Now consider a particular (x,y) and the set of rules "if X is Ai, Y is Bj then Z isf(Ai,Bj)". Following the above classification, we have :— for all i ˛ I+, j ˛ J+, Ai and Bj belong to case 1— for all i ˛ I—, j ˛ J— Ai and Bj belong to case 2— for other cases, Ai and Bj belong to case 3.Thus U(x,y) = {f(x,y)} � there is at last one i in I—, one j˛ J—, and one j’ ˛ J+,one i’ in I+such that Ai(x) = Bj(y) and Ai’(x) = Bj’(y).tWe now consider the n-dimensional case. Theorems 4 and 5 still holds since the basisof the proof is the proposition in Section 2, which is valid for any dimension, provided * =minimum in (3).As an illustration of the theorem, consider two identical families {Ai}i˛I, {Bj}j˛J,where core(Ai) = ai and cores are equidistant, and assume all the Ai, Bj have the same shape.Then the loci of the points (x,y) such that the approximation error is zero are the boldfacestraight lines in Figure 7, relating points of coordinates (ai,bj), (ai+1,bj+1). The study of theestimation of the upper bound of the approximation error is less easy since more effectsinterfere. The next paragraph will illustrate this problem.Let us consider now in more details, for the sake of better understanding the aboveresults the even more particular case of two ordered, strong fuzzy partitions of strict triangularfuzzy numbers {A1, �, An}, {B1, �, Bm} on X and Y respectively, where the ends of thesupport of each fuzzy set coincide with the cores of its immediate neighbors on each side, as inFigure 7. There are at most nm rules. The results below do not require that the values ai =core(Ai) nor bi = core(Bi) be equidistant.Each input (x,y) „ (ai,bj) for some i, j triggers exactly 4 rules since I(x) = {Ai,Ai+1}and J(y) = {Bj,Bj+1} and we have I+(x) = {Ai}, I—(x) = {Ai+1}, J+(y) = {Bj}, J—(y) ={Bj+1}. The consistency of {(Ai,Bj,Cij) | i = 1,n, j = 1,m} is equivalent to, for all i, j," (x,y) ˛ [ai,ai+1] · [bj,bj+1], $z such that

20mCij(z) ‡ ai * bj ; mCij+1(z) ‡ ai * bj+1mCi+1j(z) ‡ ai+1 * bj ; mCi+1j+1(z) ‡ ai+1 * bj+1.(12)These conditions are satisfied whenever Cij, Ci+1j, Cij+1 and Ci+1j+1 are obtained from{Ai,Ai+1,Bi,Bi+1} via (11).Remember that "x, if I(x) = {Ai,Ai+1}, then mAi(x) + mAi+1(x) = 1, and the same onY, so that ai + ai+1 = 1 and bj + bj+1 = 1. Now the possibility of reasoning by a-cuts makessense only when * = min, which is the greatest t-norm, hence leading to the strongestconsistency conditions (12). Assume moreover that f is strictly increasing in each place so thatf(ai,bj) < f(ai,bj+1) < f(ai+1,bj+1) and f(ai,bj) < f(ai+1,bj) < f(ai+1,bj+1). Also it can bechecked that max(f(Ai,Bj), f(Ai,Bj+1)) = f(Ai,Bj+1) max(f(Ai,Bj), f(Ai+1,Bj)) = f(Ai+1,Bj) max(f(Ai+1,Bj), f(Ai+1,Bj+1)) = f(Ai+1,Bj+1) max(f(Ai,Bj+1), f(Ai+1, Bj+1) = f(Ai+1,Bj+1).Let us compute the output U(x,y) to an input (x,y) in [a1,a2] · [b1,b2]. This output comesfrom intersecting the outputs U11, U12, U21, U22, of rules with conditions (A1,B1),(A1,B2), (A2,B1) and (A2,B2). The partial outputs are defined byU11 = [f(A1,B1)]min(a1,b1);U12 = [f(A1,B2)]min(a1,1—b1)U21 = [f(A2,B1)]min(1—a1,b1);U22 = [f(A2,B2)]min(1—a1,1—b1)There are 8 different situations as pictured on Figure 7, according to where (x,y) lies. Note thatx = a+1(a1) = a—2(1 — a1) ; y = b+1(b1) = b—2(1 — b1).Let us consider, Area 1, where b1 £ a1 £ 1/2U11= f([a—1(b1), a+1(b1)], [b—1(b1), y])= [f(a—1(b1), b—1(b1)), f(a+1(b1), y)]U12= f([a—1(a1), x], f([b—2(a1), b+2(a1)])= [f(a—1(a1), b—2(a1)), f(x, b+2(a1))]U21= f([a—2(b1), a+2(b1)], [b—1(b1), y])= [f(a—2(b1), b—1(b1)), f(a+2(b1), y)]U22= f([x, a+2(1 — a1)], [b—2(1 — a1), b+2(1 — a1)])= [f(x, b—2(1 — a1)), f(a+2(1 — a1), b+2(1 — a1))].

21

78654321Ny1x1M b1b2Pa2a2a1a1 = b1a1 + b1 = 1a1yxA1A2B2B1 b2b1Figure 7Nowinf U(x,y)= max(f(a—1(b1), b—1(b1)), f(a—1(a1), b—2(a1)),f(a—2(b1), b—1(b1)), f(x, b—2(1 — a1)))= f(x, b—2(1 — a1)).Similarlysup U(x,y)= min(f(a+1(b1), y), f(x, b+2(a1)), f(a+2(b1), y), f(a+2(1 — a1), b+2(1 — a1))= min(f(a+1(b1), y), f(x, b+2(a1)).Note that the lower bound is obtained by triggering the rule (2,2) while the upper boundrequires the use of rules (1,1) and (1,2). The points (x, b—2(1 — a1)), (a+1(b1), y), and (x,b+2(a1)) are respectively denoted M, N and P on Figure 7 ; they are obtained by projecting thepoint (x,y) on the diagonals of rectangles delimited by the cores of the fuzzy rules, namely thestraight line between (a1,b1) and (a2,b2), and the straight line between (a1,b2) and (a2,b3).We can write U(x,y) =[ f(M), min(f(N),f(P))]It is clear that the diagonals from (ai,bj) to (ai+1,bj+1), in boldface on figure 7, are theloci of the points (x,y) where the function f is reconstructed by the gradual rules since they are

22of the form (a+i(a), b+j(a)), that is they satisfy the conditions of Theorem 4. For instance, thefunction f(x,y) is completely recovered in area 1 on the straight line between (a1,b1) and(a2,b2), where a 1 = b1, and the analytical formulas for U(x,y) do give{f(x,y)}.Geometrically, M and N coincide when a1 = b1. On other parts of the rectangle where the 4rules are triggered (except the vertices), only a bracketting of f is obtained. In the Appendix theanalytical formulas for areas 2 to 8 are given for the sake of completeness. It is clear then thatthe individual outputs of the 4 rules are the same in triangular zones formed by areas (1,8),(2,3), (4,5), (6,7) respectively. But the output U(x,y) differs from one area to the other. Forinstance f(x,y) is bracketted by the value of f in 3 points only in areas 1, 2, 5, 6, which areadjacent to the diagonals where f is retrieved. The geometric constructions on figure 7 andfigure 19 indicate that the bracketting of f(x,y) is obtained by simple projections of (x,y) on the2 straight lines where f is exactly known and between which (x,y) lies, that is, the values f(M),f(N), f(P) (and f(Q) in areas 3,4,6,7).These pictures might also suggest (wrongly) that the points where the approximationsare the worst are when mAi(x) = mAi+1(x) = .5 while mBj(x) = 1 (and conversely changing Ainto B), that is, the middle points of the sides of the rectangles formed by the cores ofsuccessive rules along X and Y (points of coordinates x = (ai + ai+1) / 2 and y = bi+1 forinstance) . In fact, this is not exactly so, because sup U(x,y) or inf U(x,y) may involve morethan one term. For instance in area 1, if the term f(P) = f(x, b+2(a1)) is neglected (i.e., point Pon Figure 7), it is clear that the interval [f(M), f(N)] is widest for x = (a1 + a2) / 2 and y = b2 ;then we get [f((a1 + a2) / 2, (b1 + b2) / 2), f(a2,b2)]. But we may get a more narrow interval ifwe neglect point N and consider M and P only. The distance between M and P being constant,the value of x such that the interval [f(M), f(P)] is the widest is unknown and depends on fitself. What is sure is that the closest (from below) y to b2, the higher the value f(N). Hence thelocus of maximal error in reconstructing f(x,y) in area 1 is such that y = b2.We have proposed a simple geometric construction that gives an effective tool tocompute the output oof a set of fuzzy rules with 2 condition parts according to the logic ofgradual rules. For a given function f, it is possible to determine where the approximation isworst if the analytical behavior of the function is simple enough. The above results show thatthe completeness of the set of gradual rules cannot generally be obtained. But since anyfunction can be bracketted this way, it is clear that for instance Sugeno’s inference method,which is one way of building a function f from a set of fuzzy rules, can be approximated by aset of gradual rules having the same condition parts. Difficulties with 2-condition gradual ruleshave been also pointed out by Bauer et al. [30].7.8. Practical Simulation

23In this paragraph, we illustrate some of the results for a two-dimensional functionf(x,y) = x2 + y2 defined on the square [0,1]2. As fuzzy partitions, we consider identicaltriangular fuzzy sets, with more or less covering (covering coefficient g is ‡ 1). We assume thatthe two fuzzy partitions are identical on X and Y, i.e., Ai ” Bi, i = 1, �, N. We havecomputed analytically f(Ai,Bj), for any i, j, and using several operators * in the extensionprinciple (11), namely the minimum, the product and the arithmetic mean

a + b2.

Figure 8 : f(Ai,Bj) for * = min, g = 1, N = 3

Figure 9 : f(Ai,Bj) for * = min, g = 2, N = 3* Properties of the fuzzy intervals Cij = f(Ai,Bj)Figures 8 and 9 show the fuzzy intervals Cij for * = min, N = 3 and g = 1, g = 2respectively. Note that C12, C21, C31 = C13, C32 = C23. We can check here results ofTheorem 3. In both figures, one can verify that C11(z) + C22(z) + C33(z) = g, for all z in

24[core(C11),core(C33)]. The property holds also for C21 and C32, as expected. Moreover,these two families are indeed fuzzy partitions (in the sense of ⁄2) of the union of their support.

Figure 10 : f(Ai,Bj) for * = product, g = 1Figure 10 shows the fuzzy intervals Cij for * = product, N = 3, g = 1. The shape israther different, and one can notice that the property of conservation of g is lost, for C11, C22,C33 and for C12, C32 (recall that Theorem 3 is valid only for * = min).* Approximation of f(x,y)Let us examine now the precision of approximation. Here we consider 7 triangles andseveral values of g. Figure 11 shows the error on the whole square [0,1]2 that is, the width ofthe segment U(x,y), which is the global output of the rules, for g = 1, N = 7 and * = min. Wecan verify that as expected the loci of points without approximation error is the set ofdiagonals.This can be seen also on Figure 12, which is a contour view of Figure 11 picturingthe level-cuts of the error function. On Figure 12, straight lines are joining the cores of Ai, Bj.Clearly there is no error on the diagonals joining the cores of Ai+k, Bi+k, and loci of maximalerror are located near the intersections of the straight lines.

25Figure 11 : bracketting error for * = min, g = 1, N = 7

Figure 12 : level-cuts of the bracketting errorWe now examine the influence of several parameters on the quality of theapproximation. For this purpose, we visualize the upper bound of the segment U(x,y), fordifferent values of N, g and * (see Figures 13 to 18). The lower bound has a similar aspect.—effect of the number of triangles, N : (Figures 13, 14) the error decreases with the increase ofN

26Figure 13 : N = 5, g = 1, * = minimum

Figure 14 : N = 7, g = 1, * = minimum—effect of the covering (Figures 14, 15 and 16, 17). The error is smoothed when the coveringincreases

27Figure 15 : N = 7, g = 3, * = minimum

Figure 16 : N = 7, g = 1, * = product

28Figure 17 : N = 7, g = 3, * = product—effect of choosing operation * (Figures 14, 16, 18). Clearly, the minimum operator gives theworst result, while the product and arithmetic mean are better. Using * = product and astrong covering, the approximation error is almost negligible (see Figure 17).

Figure 18 : N = 7, g = 1, * = arithmetic mean

297.9. Concluding RemarksThis paper has investigated the use of gradual fuzzy rules for describing an incompletelyspecified mapping and for performing interpolation in case of missing values. Gradual ruleshave been shown to be closely related to the extension to fuzzy values of real functions.Gradual rules are not rules with uncertain conclusions, but rules which take advantage of thegraduality of the fuzzy predicates involved in the rules, and modelled by fuzzy sets, for therough description of relationships between variables. The logic of gradual rules implementsinterpolative reasoning. More precisely, a set of gradual rules can approximate any regular n-place function up to a bracketting error. This error can be made very small by a suitable choiceof the operation aggregating condition parts of the rules, by a suitable covering coefficient, andby acting on the number of rules. The above results can be useful in non-linear control. Namelyif f(x,y) is a theoretical control law obtained via some mathematical model of a process, then, itmight be useful to modify this law in practice, in order to account for non-modelled criteria.These latter aspects are usually a matter of expertise, and can be represented by fuzzy rules.Then it might be natural to turn the control law f into a fuzzy rule-base that properlyapproximates it (using the above results). Then some rules can be modified on the basis ofheuristic knowledge. This methodology offers a framework for the integration of classicalcontrol methods and rule-based techniques, where the latter are used to locally improve thecontrol strategy at the practical level.7 . 1 0 . Appendix : Analytical Formulas of the BrackettingApproximationsThe areas are those indicated in Figure 7.Area 1:see the main textArea 2 :a1 £˚b1˚£ .5U11= [f(a—1(a1), b—1(a1)), f(x, b+1(a1))]U12= [f(a—1(a1), b—2(a1)), f(x, b+2(a1))]U21= [f(a—2(b1), b—1(b1)), f(a+2(b1), y)]U22= [f(a—2(1 — b1), y), f(a+2(1 — b1), b+2(1 — b1))].inf U(x,y) = f(a—2(1 — b1), y)sup U(x,y) = min(f(a+2(b1), y), f(x, b+1(a1)).Area 3 :a1 £ 1 — b1˚£ .5U11= [f(a—1(a1), b—1(a1)), f(x, b+1(a1))]U12= [f(a—1(a1), b—2(a1)), f(x, b+2(a1))]U21= [f(a—2(b1), b—1(b1)), f(a+2(b1), y)]

30U22= [f(a—2(1 — b1), y), f(a+2(1 — b1), b+2(1 — b1))].inf U(x,y) = max(f(a—2(1 — b1), y), f(a—2(b1), b—1(b1)))sup U(x,y) = min(f(a+2(b1), y), f(x, b+1(a1)).Area 4 :1 — b1 £ a1˚£ .5U11= [f(a—1(a1), b—1(a1)), f(x, b+1(a1))]U12= [f(a—1(1 — b1), y), f(a+1(1 — b1), b+2(1 — b1))]U21= [f(x, b—1(1 — a1)), f(a+2(1 — a1), b+1(1 — a1))]U22= [f(a—2(1 — b1), y), f(a+2(1 — b1), b+2(1 — b1))].inf U(x,y) = max(f(x, b—1(1 — a1)), f(a—2(1 — b1), y))sup U(x,y) = min(f(a+2(1 — a1), b+1(1 — a1)), f(x, b+1(a1))).Area 5 :1 — b1 £ 1 — a1˚£ .5U11= [f(a—1(a1), b—1(a1)), f(x, b+1(a1))]U12= [f(a—1(1 — b1), y), f(a+1(1 — b1), b+2(1 — b1))]U21= [f(x, b—1(1 — a1)), f(a+2(1 — a1), b+1(1 — a1))]U22= [f(a—2(1 — b1), y), f(a+2(1 — b1), b+2(1 — b1))].inf U(x,y) = max(f(x, b—1(1 — a1)), f(a—2(1 — b1), y))sup U(x,y) = f(x, b+1(a1)).Area 6 :1 — a1 £ 1 — b1˚£ .5U11= [f(a—1(b1), b—1(b1)), f(a+1(b1), y)]U12= [f(a—1(1 — b1), y), f(a+1(1 — b1), b+2(1 — b1))]U21= [f(x, b—1(1 — a1)), f(a+2(1 — a1), b+1(1 — a1))]U22= [f(x, b—2(1 — a1)), f(a+2(1 — a1), b+2(1 — a1))].inf U(x,y) = max(f(x, b—2(1 — a1)), f(a—1(1 — b1), y))sup U(x,y) = f(a+1(b1), y).Area 7 :1 — a1 £ b1˚£ .5U11= [f(a—1(b1), b—1(b1)), f(a+1(b1), y)]U12= [f(a—1(1 — b1), y), f(a+1(1 — b1), b+2(1 — b1))]U21= [f(x, b—1(1 — a1)), f(a+2(1 — a1), b+1(1 — a1))]U22= [f(x, b—2(1 — a1)), f(a+2(1 — a1), b+2(1 — a1))].inf U(x,y) = max(f(x, b—2(1 — a1)), f(a—1(1 — b1), y))sup U(x,y) = min(f(a+1(b1), y),f(a+1(1 — b1), b+2(1 — b1))).

31Area 8 :b1 £ 1 — a1˚£ .5U11= [f(a—1(b1), b—1(b1)), f(a+1(b1), y)]U12= [f(a—1(a1), b—2(a1)), f(x, b+2(a1))]U21= [f(a—2(b1), b—1(b1)), f(a+2(b1), y)]U22= = [f(x, b—2(1 — a1)), f(a+2(1 — a1), b+2(1 — a1))].inf U(x,y) = max(f(x, b—2(1 — a1)), f(a—1(a1), b—2(a1))sup U(x,y) = min(f(x, b+2(a1)), f(a+1(b1), y)).As an illustration, Figure 19 illustrates the geometrical construction that leads to computingU(x,y) in Area 4. What is obtained is that U(x,y) = [max(f(N),f(P)), min(f(M),f(Q))]. Theconstruction is similar for Areas 3, 7 and 8. For Areas 2, 5 and 6 it is similar to Area 1 asshown in Figure 7.

QMNPx4yb2a2a1b1

Figure 19 : Approximation of f(x,y) in Area 47.11. References[1]Sugeno M., "An introductory survey of fuzzy control," Information Sciences, 36, 59-83, 1985.[2]Sugeno M. and Nishida M., "Fuzzy control of model car," Fuzzy Sets and Systems, 16,103-113, 1985.[3]Takagi T. and Sugeno M., "Fuzzy identification of systems and its applications tomodeling and control," IEEE Trans. on Systems, Man and Cybernetics, 15,116-132, 1985.

32[4]Uchino E., Yamakawa T., Miki T. and Nakamura S., "Fuzzy rule-based simpleinterpolation algorithm for discrete signal," Fuzzy Sets and Systems, 59,259-270, 1993 .[5]Kosko B., "Fuzzy systems as universal approximators," Proc. of the 1st IEEE Conf. onFuzzy Systems (FUZZ-IEEE’92), San Diego, CA, March 8-12, 1153-1162, 1992.[6]Wang L.X., "Fuzzy systems are universal approximators," Proc. of the 1st IEEE Conf.on Fuzzy Systems (FUZZ-IEEE’92), San Diego, CA, March 8-12, 1163-1169, 1992.[7]Buckley J.J. and Hayashi Y., "Fuzzy input-output controllers are universalapproximators," Fuzzy Sets and Systems, 58, 273-278, 1993.[8]Buckley J.J. and Hayashi Y., "Numerical relationships between neural networks,continuous functions, and fuzzy systems," Fuzzy Sets and Systems, 60, 1-8, 1993.[9]Dubois D. and Prade H., "A typology of fuzzy "if� then�" rules," Proc. of the 3rdInter. Fuzzy Systems Assoc. (IFSA) Congress (J.C. Bezdek, ed.), Seattle, WA, Aug.6-11, 782-785, 1989.[10]Dubois D. and Prade H., "Fuzzy sets in approximate reasoning � Part 1 : Inferencewith possibility distributions," Fuzzy Sets and Systems, 40, 143-202, 1991.[11]Dubois D. and Prade H., "Fuzzy rules in knowledge-based systems," in : AnIntroduction to Fuzzy Logic Applications in Intelligent Systems (R.R. Yager, L.A.Zadeh, eds.), Kluwer Academic Publ., Boston, 45-68, 1992.[12]Prade H., "Raisonner avec des r�gles d’inf�rence graduelle," Revue d’IntelligenceArtificielle, Published by Herm�s, Paris, 2(2), 29-44, 1988.[13]Dubois D. and Prade H., "Gradual inference rules in approximate reasoning,"Information Sciences, 61, 103-122, 1992.[14]Zadeh L.A., "Fuzzy sets," Information and Control, 8, 338-353, 1965.[15]Zadeh L.A., "The concept of a linguistic variable and its application to approximatereasoning," Information Sciences, Part 1 : 8, 199-249 ; Part 2 : 8, 301-357 ; Part 3 : 9,43-80, 1975.[16]Dubois D., Grabisch M. and Prade H., "Gradual rules and the approximation offunctions," Proc. of the 2nd Inter. Conf. on Fuzzy Logic and Neural Networks(Iizuka’92), Iizuka, Japan, July, 629-632, 1992.[17]Dubois D., Grabisch M. and Prade H., "Synthesis of real-valued mappings based ongradual rules and interpolative reasoning," Proc. of the IJCAI’93 Fuzzy Logic in AIWorkshop, Chamb�ry, France, Aug. 28-Sept. 3, 29-40, 1993. Revised version to bepublished in Fuzzy Systems & A.I. � Reports & Letters (Bucharest).[18]Lee J.H. and Chae S., "Completeness of fuzzy controller carrying a mapping f : R1 fiR1," Proc. of the 2nd IEEE Conf. on Fuzzy Systems (FUZZ-IEEE’93), 231-235, 1993.[19]Mamdani E.H., "Application of fuzzy logic to approximate reasoning using linguisticsystems," IEEE Trans. on Computers, 26, 1182-1191, 1977.[20]Dubois D. and Prade H. (with the collaboration of Farreny H., Martin-Clouaire R. andTestemale C.), Possibility Theory � An Approach to Computerized Processing ofUncertainty. Plenum Press, New York, 1988.[21]Dubois D. and Prade H., "Fuzzy numbers : an overview," in : Analysis of FuzzyInformation � Vol. I : Mathematics and Logic (J.C. Bezdek, ed.), CRC Press, BocaRaton, FL, 3-39, 1987.[22]Gaines B.R., "Foundations of fuzzy reasoning," Int. J. of Man-Machine Studies, 8,623-668, 1976.[23]Fukami S., Mizumoto M. and Tanaka K., "Some considerations on fuzzy conditionalinference," Fuzzy Sets and Systems, 4, 243-273, 1980.

33[24]Negoita C.V. and Ralescu D.A., Applications of Fuzzy Sets to Systems Analysis.ISR.11, Birkhaeuser, Basel, 1975.[25]Zadeh L.A., "A theory of approximate reasoning," in : Machine Intelligence 9(J.E. Hayes, D. Michie, L.I. Mikulich, eds.), Wiley, New York, 149-194, 1979.[26]Dubois D., Martin-Clouaire R. and Prade H., "Practical computing in fuzzy logic," in :Fuzzy Computing (M.M. Gupta, T. Yamakawa, eds.), North-Holland, Amsterdam, 11-34, 1988.[27]Dubois D. and Prade H., "On the validation of fuzzy knowledge bases," in : FuzzyReasoning in Information, Decision and Control Systems (S. Tzafestas, A.N.Venetsanopoulos, Eds), Kluwer Academic Publ., Dordrecht, 31-49, 1994.[28]Dubois D. and Prade H., "Basic issues on fuzzy rules and their application to fuzzycontrol," Proc. of the IJCAI’91 Fuzzy Control Workshop, Sydney, Australia, Aug. 24,5-17, 1991.[29]Dubois D. and Prade H., "Possibility theory as a basis for preference propagation inautomated reasoning," Proc. of the 1st IEEE Conf. on Fuzzy Systems (FUZZ-IEEE’92),San Diego, CA, March 8-12, 821-832, 1992.[30]Bauer P., Klement E.P., Leikermoser A. and Moser B., "Approximation of realfunctions by rule bases," Proc. of the 5th Inter. Fuzzy Systems Assoc. (IFSA) WorldCongress, Seoul, Korea, July 4-9, 239-241, 1993.[31]K�czy L.T. and Hirota K., "Interpolative reasoning with insufficient evidence in sparsefuzzy rule bases," Information Sciences, 71, 169-201, 1993.[32]K�czy L.T. and Hirota K., "Approximate reasoning by linear rule interpolation andgeneral approximation," Int. J. of Approximate Reasoning, 9, 197-225, 1993.[33]K�czy L.T. and Hirota K., "Ordering, distance and closeness of fuzzy sets," Fuzzy Setsand Systems, 59, 281-293, 1993.[34]Lowen R., "A fuzzy Lagrange interpolation theorem," Fuzzy Sets and Systems, 34, 33-38 , 1993.