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Abstract. This papemutsforwardtheideathatinformationencodednacomputemay
have anegative or apositive emphasisNegative informationcorrespondso thestatement
thatsomesituationsareimpossiblelt is oftenthe casefor piecesof backgroundknowl-
edgeexpressedn alogicalformat.Positive informationcorrespondo obseredcaseslt
is oftenencounteredh data-drven mathematicamodelslearning,etc. The notionof an
“if. .., then...” ruleis examinedin the contet of positive andnegative information.It is
shavn thatit leadsto thethree-aluedrepresentationf arule, after De Finetti, according
towhichagivenstateof theworld is anexampleof therule,acounter&ampleto therule,
oris irrelevantfor therule. This view alsosheddight on the typology of fuzzy rules.lIt
explainsthedifferencebetweera fuzzy rule modeledby a mary-valuedimplication,and
expressingnegative information,anda fuzzy rule modeledby a conjunction(ala Mam-
dani)andexpressingositive information.A new compositionaftule of inferenceadapted
to conjunctve rules,specificto positive information,is proposedConsequencesf this
framework oninterpolationbetweersparseaulesarealsopresented.

1 Intr oduction

Fuzzyrulesareoftenconsideredo beabasicconcepin fuzzylogic[1]. Originally, fuzzyrules
weremeantto represenhumanknowledgein the designof control systemswhenmathemati-
calmodelswerelacking[2]. However, in thelasttenyearsor so,fuzzy ruleshave beenmainly
usedasatool for approximatingfunctionsfrom data. This trendgetsaway from the original
motivationsof fuzzylogic [3]. It seemdo bedueto theformal analogybetweerthemathemat-
ical modelsof fuzzy rulesandartificial neuronsandthe popularity of the “soft computing”
paradigmHowever restrictingfuzzy rulesto sucharole putsthemin directcompetitionwith
mary otherandoldermethodgfor approximatingunctions.

In parallel,the last ten yearshave witnessed relative declineof basicresearchn fuzzy
expert systemsand approximatereasoningoasedon fuzzy rules (surweyedin [4]). Onerea-
sonmay bethelack of articulatedexpertknowledgein mary industrialapplicationsof fuzzy
systemsandthe popularitydrop of symbolicAtrtificial Intelligencemethodsn industry More
recentlyseveralresearcherBaveinsistedonthefactthattheoriginality of thefuzzyrule-based
approachio modelingliesin theinterpretabilityof themodels.This pointis all themorevalu-
ableastopicslik e datamining, knowledgediscovery, andvariousformsof learningtechniques
have becomean importantchallengein informationtechnology due to the hugeamountof
datastoredin nowadaysinformationsystemsBeyond the questfor numericalperformance,
looking for meaningin datahasbecomeagaina relevantissue.The extractionof fuzzy asso-
ciationrulesfrom datahasbecomea topic of interest[5], [6]. One may expectthatthis new
trendwill revive the concernon approximatereasoningwith a view to develop smartinfor-
mationsystemsThis revival mayalsobenefitfrom the popularityof Bayesiarbelief networks



whosecounterpartsn possibility theoryhave beenrecentlystudied(seefor instanceBorgelt
andKruse[7,8] or Gebhard{9]).

In orderto extract fuzzy rules from dataand exploit themin inferenceprocessesit is
necessaryo have a clearunderstandingf the existing typology of fuzzy rules,their formal
modelsandtheir variouspurposesHowever, the stateof the art on fuzzy rules, asinherited
from the fuzzy modelingand control literatureis someavhat confusing.Thereare basically
threemethodologiedor fuzzy inference andthey disagreawith eachother[10].

— First, the Mamdaniapproach11] is the oldestone andthe first to be usedon real con-
trol systemslts peculiarityis the useof a conjunctionfor modelingrules,insteadof the
materialimplication,andthe useof a disjunctionfor aggreatingtherules.

This approacthasbeenill-understoodfrom alogical point of view, andis actuallynotin

agreementwith classicallogic. However it hasbeenusedfor the mostpartunderprecise
inputs,andits anomaloudogical behaior hasbeenlargely ignoredbecauset is hidden
by the defuzzificationschemeslt hasbeenstrongly adwocatedby systemsengineering
scholars]ike Mendelwho considerghatresultsobtainedwith fuzzy versionsof material
implications"violate engineeringcommonsense[12]. However, formal difficulties with

Mamdanis reasoningnethodfrom thelogical point of view, oncewetry to useit beyond

whatcontrolengineerglo with it, have beenpointedout quite early; in 1980by Baldwin

andGuild [13] andmorerecently in 1989by Di Nolaetal. [14].

— Anotherimportantapproacho formalizingapproximateeasonings the oneproposedy
Zadehhimself[15]. In his view, eachpieceof information(beit arule, anaturallanguage
sentenceetc.) can be describedas a fuzzy restrictionon a set of possibleworlds (the
universeof discourse)Reasoningvith a knowledgebaseleadsto the conjunctive com-
bination of the fuzzy restrictionsinducedby eachpieceof information, followed by the
projectionof this globalfuzzy restrictionon the domainof somevariableof interest.

An exampleof patternof approximateeasonings the generalizednodusponenswhich
exploitsafuzzyfactandafuzzyrule,andcomputesfuzzy conclusionln thisapproacha
ruleis modeledby thefuzzy extensionof amaterialimplication,andtheinferenceprocess
is clearlya generalizatiorof classicalogic inference HenceZadehs approachs atodds
with Mamdanis methodsandotherfuzzy systemgechniques.

— The third fuzzy inferencemethodologyis basedon fuzzy rules with precise,numerical

conclusionparts.This trend,now known as TSK approachhasbeeninitiated by Takagi
andSugenoin 1985[16] andincludesneuro-fuzzymethodsusingradial-basifunctions
andsoon.
This methodologyhasthe merit of simplifying Mamdanis systemdy retainingtheir use-
ful partonly. In particular it lays baretheir real purposewhich is interpolationbetween
local modelshaving fuzzy validity rangesratherthaninferencein the usualsenseThere
is no (logical) reasoningaskleft in TSK systemsNeuro-fuzzytechniqueslo notinvolve
logic either

In fact, thereis a major misunderstandingetweenlogiciansfrom Artificial Intelligence,
andsystemsengineersTheformerareinterestedy the representatioof knowledge,includ-
ing humanknowledge,andthe extraction of articulatedknowledgefrom data.The latter are
interestedby the derivation of a usefulandaccuratemodelof a systemfrom obsened data.
Thereis a clashof intuitions betweenthe knowledge-drnrentradition of logical approaches
andthedata-drvenframework of systemsengineerind17], andit becomesgparticularlyacute
in the framework of fuzzy systemsvhenobservingthe critical views of the engineeringcamp
on fuzzy implicationsandthe logical approach(asdevelopedin Mendel's paper[12]) by sci-
entistswho appeamnotto befamiliar with logic andautomatedeasoning.



In fact,if Mamdanirulesarelogically anomalousit is not becausehey arewrongmodels.
If implicative rulesdo notalwaysmeetthe engineergxpectationsit is notbecausehelogical
approachs flawed for modelingpurposesThereasons thatMamdanis fuzzy rulesandim-
plicative rulesmodelradically differentkinds of information,whatis calledherepositive and
negative informationrespectiely.

Theaim of this paperis:

1. to shaw thatthetypology of fuzzy rules,previously proposedy theauthorg18,19 man-
agesto reconcilethe knowledge-drirenlogical tradition and data-drven engineeringra-
dition;

2. to give alogical accountof Mamdanis fuzzy rulesin termsof case-basedeasoningand
to show thatinferencein this settingshouldnotrely on a sup-mincomposition;

3. to proposea reasonedliscussiorof the problemof interpolatingwith sparseulesin the
framework of positive andnegative information.

The ultimateaim of this researclhis to try to retuild somebridgebetweenfuzzy systemsand
knowledgerepresentation.

The paperis organizedasfollows. Section2 adwcateghe existenceof two typesof infor-
mationthatareinvolvedin problem-solvingasks,andshavs thatthey canbe capturedn the
settingof possibilitytheory It correspond$o two notionsof possibility, onepertainingto log-
ical consisteng andthe otherto theideaof guarantee@r obseredpossibility. Section3 tries
to formally definethe notion of “if. ..then...” rulesin thelight of this distinction,andshows
that both an implicative and a conjunctve views are necessaryo get the completepicture.
Theseresultsshedlight on the natureof so-calledassociatiorrulesin datamining. Section4
recallsthetypologyof fuzzyrulespreviously proposedy theauthors Section5 shovsthatthe
existenceof two kindsof informationcallsfor two formsof fuzzy inference.onebasednthe
sup-mincomposition thatis a form of constraintpropagationandthe otherbasedon a dual
principle that derive conclusionghat are guaranteegbossible despitethe incompletenessf
theinputinformation.Lastly, Section6 dealswith the interpolationproblemwith sparseules
andshaws that,again,two approachesxist which addresst.

2 Negative vs. Positive Inf ormation

Whenanagentstatesa propositionp, it may corvey oneof two meaningsFirst,theagentmay
meanthatall thesituationswvherep is falseareimpossibleruledout. For instancejf oneis told
that“museumsareclosedduring night-time”, it clearly meanshatno museumis openin the
night. However, by statingp, the agentmay sometimesneanthatall the situationswherep is
true areguaranteegbossible(becausefor instance actuallyobsered, or formally permitted,
etc.). This view is very differentfrom the first one. For instancejf somebodytells you that
“between3 and4 p.m.,museumsareopen”,this informationgivesan exampleof time points
whenthe museumsarenormally open.lt doesnot meanthatmuseumsarenecessarilyclosed
at2 or 5 p.m.In thefirst case a pieceof informationdiscardssituationsasbeingimpossible.
Henceit canbecallednegativeinformation.In thesecondtasetheemphasiss puton shaving
exampleswheretheinformationis valid andsuchkind of informationcanbetermedpositive.
Notethatif theinformationexpressedby a propositionp is negative,a situationwherep is true
is not necessarilypossible(thereare somehoursin daytimewhenmuseumsare closedtoo).
Similarly, if the informationexpressedy a propositionp is positive, a situationwherep is
falseis not necessarilympossible(it is unknown actually).



In mary fields,positve andnegative informationis found conjointly. In relationaldatabase
technology negative information consistsof integrity constraintswhile positive information
is storedasa setof tuples.In legal reasoninglaws expresswhatis forbidden(negative infor-
mation)while pastcasesisedfor jurisprudencearepositive information.In logical approaches
to Artificial Intelligence,logical sentenceslescribeconstraintson possibleworlds (negative
information)andcontraswith obseneddata.ln mathematicspecessargonditionsareaform
of negative information,while sufficient conditionshave a positive touch.

In generalit canbe said that negative informationis modeledby constraintsdiscarding
impossiblesituationswhile positive informationconsistf obsenationsor examples.

2.1 Modeling Positive and Negative Inf ormation in Possibility Theory

In possibility theory the availableinformationis representedby meansof possibility distri-
butions which rank-orderthe possiblestatesof affairsin a given referentialsetor attribute
domain.A possibility distribution assigngo eachvalueu € U of thevariable X a degreeof
possibility 7 x (u).

Very early, in 1978,Zadehproposedo represenpiecesof informationby meansof possi-
bility distributions[20]. Elementarypropositionssuchas“Johnis tall” areof theform “ X is
A;” whereA; is afuzzy predicateand X is the variable(rangingon a domainU’) underlying
the statemente.g.the heightof John).The mainrole of possibility distributionsis to discard
statesof affairs inconsistentwith the available knowledge.Indeed,rx (u) = 0 meansthat
theassignmeniX = u is totally excludedif the statement X is A;” is takenfor granted.If
w4, denoteghe membershigunction of the fuzzy setA4; on U, andwx denotesa possibility
distribution on U, Zadehproposedhe equalityrx = w4, expressingthatthe statement X
is A;" inducesa possibility distribution thatcanbe equatedwith w4, . In fact,it shouldbe an
inequality sincethe presencenf one pieceof information shouldnot forbid the existenceof
otheroneswhich further restrictthe setof possiblevalues.Then,the statement X is A4;” is
representeddy theinequality:

Vu € U, mx (u) < pra;(u) - L)

Sucha statemenactuallymeans’it must be thecasethat X is (in) A;”. It representsiegative
information.

Givenanevent A C U anda possibility distribution 7x on U expressingthe available
knowledge" X is A;”, onecandefinea possibilitymeasurdl, givenby:

VA CU, x(A) = sup yea m(u) .

A possibilitymeasurdlx (A) evaluatego whatextenttheevent A is notinconsistentvith the
information“ X is A;".
A dualdegreeof necessityN x is givenby:

VA g U, Nx(A) = infugA (1 —Wx(u)) .

A necessityneasuréN x (A) evaluatego whatextenttheeventA is implied by theinformation
“Xis A;". WhenNx (A4) = 1, it meanghefollowing: giventhat“ X is A;”, A is certain(i.e.,

truein all non-impossibleituations)WhenN x (4) > 0, it meanghefollowing: giventhat” X

is A;", Ais normallytrue (truein all the mostplausiblesituationswhererx (u) = 1). These
evaluationsarein full agreementvith theforms of deductionfrom a belief setencountereéh

classicalogic.



Positive information correspondso corverseinequalitiesw.r.t. the above ones[21]. The
statement X is 4;” now designates subsetf valuestestifiedas possiblefor X1, because
all thevaluesin A; have beenobsenedaspossibleby aninformationsource A membership
functionrepresenta guaranteed possibility distribution  x . Themainrole of guaranteegos-
sibility distributionsis to point out statesof affairsthathave beenor canbe actuallyobsened
(if x(u) = 1). A valuedx(u) = 0 meansthatit is not known if the assignmentX = u
is possibleor not, whenthe statement' X is A4;” is takenfor granted.Then,the guaranteed
possiblevaluesfor X canbedescribedy theinequality:

Vu e U, ox(u) 2 pa; (u) - )

Sucha statementctually means'it can be the casethat X is (in) A;”. This dual view of
possibilisticinformationis alsoadwocatedy Weisbrod22] whocallsé x (u) degree of support
of theassumptiorf X = u”.

A guaranteegbossibility measurés thengivenby:

VA g U, Ax(A) = inquA (Sx(u) -

Theguaranteegbossibilitymeasured x (A) evaluateso whatextentall situationswhere A is
trueareindeedpossibleasinducedby the positive informationthat” X is A;”".

Whenboth positive andnegative informationis available,thereshouldbe a coherencée-
tweenthem,accordingo whichtheobsenedinformationshouldnotbeconsideredmpossible.
It leadsto theinequalitydx < mx. In otherwords,negative informationactsasan integrity
constrainfor positive information.This coherenceequirements discussed moredetailsby
Weisbrod[22], Dubois,HajekandPradeg17] andUghettoetal. [23].

This basicdistinctionbetweerpositive andnegativeinformationis important,sincehuman
knowledgeis both madeof restrictionsor constrainton the possiblevaluesof tuplesof vari-
ables(asin thelogic-basedriew of Atrtificial Intelligence) ofteninducedby generalaws,and
madeof examplesof valuesknown for sureasbeingpossible generallyobtainedin the form
of obsenations,or asreportedfacts(asin databaseractice).This distinctionplaysa central
role for therepresentatioaswell asthe handlingof fuzzy information.

2.2 Combining Piecesof Inf ormation

Olviously, addingobsenationsaccumulatepossibleworlds while adding constraintsdelete
possiblewvorlds.Soasabasicprinciple,it is clearthatnegativeinformationshouldbecombined
conjunctiely, while positive informationshouldbe combineddisjunctively. This claimis also
madein [22]. In Artificial Intelligence Jogic-basedknowledgerepresentationsrodelnegative
information and aims at restrictinga set of possiblestatesof the world (the modelsof the
propositionswhich constitutethe knowledgebase).Eachinterpretationwhich satisfiesall the
propositionsin the belief base(representinghe available knowledge)is then consideredas
possible,as not being forbidden. Thus, the addition of new piecesof negative information
will just reducethe setof possiblestates sincethe setof modelsof the belief basecanbe
reducedonly by the additionof new constraintsThe informationis saidto be completeif

only onepossiblestatefor the representegvorld remains A statemenits true (resp.false)for

sureif the setof its modelscontains(resp.rulesout) the possiblestatesof the world; in case

! ThesetA; maybefuzzyif valuescanbeguaranteegossibleto adegree.



of incompleteinformation,one may ignoreif a statementis true or false.Several piecesof
negative information4;, ¢ = 1,...,n arenaturallyaggreyatedconjunctiely into:

Vu e U, mx(u) < min=1,. . n pa,(u) . (3)

If thereis no informationasto whetherthe piecesof information A; areindependenbr not,
therewill be no reinforcemeneffect betweenthem.Therefore they areaggreyatedusingthe
min operationdueto theinequalities:

Vie{l,...,n}, 7x < pa, -

Then,onceall the constraintsaretaken into accountthe minimal specificity principle is ap-
plied, which allocatesto eachvalue (or stateof the world) the greatesipossibility degreein
agreementwith the constraintsThis principle is one of leastcommitment.t stateshatany-
thing not declaredimpossibleis possible.lt is characteristicof negative information and it
leadsto enforcinganequalityin (3).

By contrasta collectionof piecesof positive informationforms a databasegr amemory
of casesandthe moreit containsthe more numerousarethe guaranteeghossiblesituations.
Whenseveralpiecesof positive information4;, j = 1,..., m areavailable,theinequality(2)
becomes:

Vu € U7 6X (’U.) Z MmaX;=1,....m MA; (’U.) . (4)

Hereagaintheaggreationusingthe max operations dueto theinequalities(2), andthe lack
of informationabouttheindependencef the piecesof information 4.

As opposedo the logical tradition, databasegenerallyusethe closedworld assumption
(CWA) which is the oppositeof the minimal specificity principle. It saysthat anything not
obsenedasactually possibleis consideredo be false.Only whatis explicitly known is rep-
resentedandthenthe CWA allows for the default exclusion of whatis regardedasfalse:a
statemenis eithertrue (presenin thedatabasedr considere@sfalse becausé is notknown
to betrue.Whennew piecesof dataareavailable,they arejust addedto the databaseandthe
correspondingnformation,which wasconsidereasfalsesofar, is thenconsideredstrue.

Thereis no explicit representatiof ignorance pnly the storageof acceptedstatements.
In the possibilisticsetting,applyingthe closedworld assumptiorcomesdown to allocatingto
eachvalue (or stateof the world) the leastpossibility degreein agreementvith the obsened
data.The CWA is thuscharacteristiof positive informationandleadsto enforcinganequality
in (4).

Note thatif a logical languageis usedfor representatiopurposesthe conjunctive nor-
mal form is the mostnaturalonefor representinghegative information.Indeed,a conjunction
of clausesproperlyreflectsthe combinationof negative information (rules, constraintsreg-
ulations). Typically, it encodesa collection of “if. ..then...” rulesin a knowledgebase,as
for instancein the ProloglanguageOn the contrary the disjunctive normalform is the most
naturalonefor representingositive information.Indeed a disjunctionof phrasegproperlyre-
flectsthe combinationof positive information(a memoryof casesa collectionof t-uplesin a
relationaldatabase,. .). See[17] for details.

3 WhatisaRule?

“If. ..then...” ruleshave beenwidely usedfor knowledgerepresentatiopurposesn Artificial
Intelligencesincethe late sixties,with the emegenceof expertsystemsandin FuzzyLogic,



with the widespreadpopularity of fuzzy control andfuzzy systemssincethe mid seventies.
To-date,rules,alsocalledassociationrules,arefound to be a corvenientformatfor describ-
ing interpretableknowledgeextractedfrom data.However, therehasbeenlittle consensusn
the exactnatureof rulesandtheir correctmathematicaimodel.In the tradition of logic, asin-

heritedby logic programminga rule is modeledby a materialimplication. However, thefact
that,whendoingso,arule takesthetruth-value“true” whenthe conditionpartis falsehasled

to paradoxsin logic, andto computationabndrepresentationaifficultiesin logic program-
ming.In thelatterarearesearcherBave felt theneedio changeghesemantic®f negation,soas
to circumventthesedifficulties (negationby failure,which is aform of CWA). In thetradition
of expertsystemsarule is understooagsa productionrule, associatedb amodus-ponens-lik
deductionprocessA “rule” is thusakind of inferencerule, however without a clearmathe-
matical status.In morerecentprobabilisticexpert systemsyulesare encodedas conditional
probabilitiesin a belief network. This view of aweightedrule, if mathematicallysound,is at
oddswith thelogical tradition,sincethe probability of a materialimplicationdescribingarule

clearlydiffersfrom the correspondingonditionalprobability. This obsenation[24] hasledto

avivid debatein philosophicalcirclessincethe late seventies[25] without fully settlingthe
case.

More recentlysomescholardik e Calabresg26], Goodmaretal. [27], DuboisandPrade
[28] have suggestedhat a rule is not a two-valuedentity, but a threevaluedone. To seeit,
considera databaseontainingdescriptionsf itemsin asetS. If arule“if X is A, thenY is
B” isto beevaluatedn thefaceof this databaseit clearlycreatesa 3-partitionof S, namely:

— thesetof examplesof therule: AN B 2, B
— thesetof counterexampleso therule: AN B,
— thesetof itemsfor whichtheruleis irrelevant: 4 ,

asshavnonFig. 1.
|4
|:| AN B: examplesof therule

|:| AN B: counterexamplesof therule

- A: valuesirrelevant for therule

O I I
14

A

Fig. 1. Partitionon U x V inducedby therule“if X is A, thenY is B".

Eachcaseshouldbe encodedy meansof a differenttruth-value. The two first casesonly
correspondingdo the usualtruth-values“true” and“false” respectiely. The third casecorre-
spondgo athird truth-valuewhich, accordingo the context, canbeinterpretecas“unknown”,
undeterminedirrelevant, etc. This idea of a rule as a “tri-event” actually goesback to De

2WhenA andB arenotdefinedonthesameuniverse thecylindrical extensionsaareassumedThen,for
thesale of simplicity, AN B is givenfor (Ax V)N (U x B), andAUB is givenfor (A x V)U(U x B).



Finetti (1936)[29] who even proposedt asa genuineexampleof three-aluedproposition
which couldbecapturedy Lukasiavicz logic. It is alsothebackboneof De Finetti's approach
to conditionalprobability[30]. Indeedit is obviousto seethatthe probability P(B|A) is en-
tirely definedby P(A N B) and P(A N B). More recentlyit wasshavn by DuboisandPrade
[28] thatthethree-aluedsemantic®of ruleswasa possiblesemanticgor the calculusof con-
ditional assertionsf Kraus,LehmanrandMagidor[31], whichis thebasisof oneapproacho
nonmotonicreasoninglt is alsoin full accordancevith Adamsconditionallogics[32] based
oninfinitesimalprobabilities.

This framework for modelingarule producesa precisemathematicainodel:arule is mod-
eledasa pair of disjoint setsrepresentinghe examplesandthe counterexamplesof a rule,
namely(A N B, AN B). This definition hasseveralconsequencesirst, it justifiesthe claim
madeby De Finettithata conditionalprobabilityis the probability of a particularentity which
canbecalleda conditionalevent.

Moreoverit preciselyshavs that materialimplication only partially capturegheintended
meaningof an“if. ..then...” rule. It is obvious that the setof itemswherethe materialim-
plication A U B is true is the complementof the setof counterexamplesof a rule. Hence
theusuallogical view doesnot singleout the examplesof therule, only its counterexamples.
Thisis clearlyin agreementvith thefactthatpropositiondn classicalogic represenhegative
information.On the otherhand,the setof examplesof aruleis A N B andclearlyrepresents
positive information.

Notethatin thedatamining literature themeritof anassociatiomule A — B extracted
from a databases evaluatedby two indices:the supportdegreeandthe confidencedegree,
respectiely correspondingo theprobabilityof the conjunctionandtheconditionalprobability.
This proposalmay soundad hoc. However the deepreasorwhy two indicesare necessaryo
evaluatethequality of aruleis becaus¢herule generatea 3-partitionof thedatabaseandtwo
evaluationsareneededo picturetheir relative importanceln factthe primitive quality indices
of an associatiorrule are the proportionof its examplesand the proportionof its counter
examplesAll otherindicesderive from thesebasicevaluations.

Thethree-aluedrepresentationf an*if. ..then...” rule alsostronglysuggestshata rule
containdothpositveandnegativeinformationembeddedh it. It alsosheddight onthedebate
betweerMamdanisrulesin fuzzy logic versusmplicative rules:they arethetwo sidesof the
notion of a rule. It makes no senseto discardone of them.However eachside may sene a
specificpurpose.

For instance the three-aluedrepresentationf a rule may solve somewell-known para-
doxes of confirmationdiscusseddy scholarslike Hempel[33]. Considerthe statementall
ravensareblack” modeledn first orderlogic as:

Vz, Raven(z) — Black(z) , (5)

whosevalidity is to be experimentallytested.Observingblack ravensindeedconfirmsthis
statementvhile the obsenation of a singlenon-blackonewould refuteit. However sincethis
sentencalsowritesVz, —Raven(z) V Black(z), it is logically equivalentto its contraposed
form:

Vz,-Black(z) - -Raven(z) . (6)

So observinga white swan, which doesnot violate the sentenceshouldalsoconfirmthe
claimthatall ravensareblack. This is hardly defendableUsing a three-aluedrepresentation
of therule, it is clearthatwhile black ravensareexamplesof the rule “all ravensareblack”,
white swansareirrelevantitemsfor this rule. Corversely white swansareexamplesof therule



“all non-blackitemsarenon-razens”,andblack ravensarein turnirrelevant. Both ruleshave
thesamesetof countereamplegall ravensthatarenotblack,if ary) but theirexamplediffer,
andonly examplesshouldmeaningfullyconfirmrules.Hencethe three-aluedrepresentation
enablesarule to be distinguishedrom its contraposedorm.

This representatioalsotoleratesnon-monotonicityasclaimedabove. It is intuitively sat-
isfying to considerthatthatarule R, ="“if A thenB” is saferthanarule R, ="if C thenD”,
if Ry hasmoreexamplesandlesscountergamplesthan R (in the senseof inclusion). Then
R, is saidto be entailedby R, (seeGoodmanet al. [27]). In particular the two inclusions
CNnD C AnBandANB C Cn D generallyensurghatP(B | A) > P(D | C).

Whenrulesarerepresentedby materialimplications,it is easyto seethat R, classically
entailsR; assoonasR; haslesscountergamplesthan R,, sinceit meansC UD C AU
B. Examplesof the rulesareneverinvolvedin classicalentailment.As a consequencéf A
then B” alwaysimplies “if A andC then B”, classically However usingthe three-walued
representationthis is no longer the case.Indeedwhile the rule “if A and C then B” has
generallylesscountergamplesthantherule “if A thenB”, it alsohaslessexamples since
ANBNC C AN B. Sotherule*if A andC thenB” cannotbe a consequencef therule
“if AthenB” ary morein thethree-aluedsetting.

Now, considerarule “if X is A thenY is B”, whereX andY aretwo attributeswith do-
mainsU andV respectiely. ThesetsA and B arenow viewedassubset®f attributevaluesin
U andV respectiely. This rule implicitly definesarelation R betweerthesedomainsHow-
evertheoutline of thisrelation,asprescribedy therule, depend®ntheway it is interpreted:

1. Negativeview. Theruleis viewedasa constraintof theform “if X is A, thenY must be
B’. In otherwords,if z € A andy ¢ B, then(z,y) € R, orequivalentlyR C AU B. This
view emphasizesnly the counterexamplesto therule. It is the implicative form of the
rule. Pairsof attributevaluesin AN B aredeemedmpossible Otheronesremainpossible,
asshovn onFig. 2.

%

|:| A N B: counterexamplesof therule

|:| valuesconsideredspossibleby default

il

Fig. 2. Negative view of therule“if X is A, thenY is B”.

2. Positive view. Theruleis viewedasa caseof theform “if X is 4, thenY canbe B”. In
otherwords,if z € A andy € B, then(z,y) € R, orequivalently AN B C R. Thisview
emphasizesnly the examplesof therule. It is the conjunctive form of the rule. Pairs of
attributevaluesin AN B areguaranteegossiblelt is notknownif otheronesarepossible
or not,asshavn on Fig. 3.



|:| A N B: examplesof therule
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Fig. 3. Positve view of therule“if X is A, thenY is B”.

Thefull pictureof arule of theform “if X is A thenY is B” involvesthesetwo sidesand
correspondso a doubleinclusion:

ANB C RC AUB . (7)

Namelytherule specifiesasubsebf the CartesiarProductV x V' whichincludesexamples
andexcludescounterexamples.

This dual view of fuzzy rules,and more particularly the advantagesof using conjointly
implicative rules(encodingnegative information)andconjunctive rules(encodingpositive in-
formation)in the samerule-basesdystemhasbeenemphasizeéh [23].

This basicdistinction betweenpositive and negative information hasnever beenempha-
sizedin classicalrule-basedystemge.g.expertsystems)However, thisis not really surpris-
ing. Generallyin thesesystemswhentherulesencodea mappingfrom anumericaldomainU
to anotheroneV, theconditionpartsof therulesaredefinedfrom aclassicabpartitionof U. As
they do notoverlap,a preciseinputtriggersonly onerule, which givesonly oneconclusionon
V. Thenit doesnot matterwhetherthe conclusionencodeositive or negative information.
By contrastwhendealingwith uncertainty(imprecision fuzzinessetc.)the conditionpartsof
rulesmay overlap,andtheinputsmaybeimpreciseor fuzzy. Then,severalrulesmaybetrig-
geredeachgiving a (different)conclusionon the samedomain.Hencetheseconclusionave
to be aggregated,andtheir nature(positive or negative) determineghe way they have to be
aggreatedasshowvn in thefollowing. It canexplainwhy this distinctionbetweerpositive and
negative informationfirst appearedn fuzzy rule-basedsystemsHowever, it is alsorelevant
in someclassicalkystemsyhereit couldclarify the aggreyationprocessed-or instancesome
datamining algorithmsproducerules whosecondition and conclusionpartsare not subject
to ary a priori constraint.As the condition partsof theserules may overlap,a preciseinput
cantrigger several rules,whoseconclusionshave to be aggregated.Usually, this aggreyation
is ad-hoc,or basedn someevaluationfunctionof the producedutputs.Sometimespnly one
rule is choserasthe most“representatie” one.As a consequencehesemethodsdo not take
into accounthe semanticsor the potentialincoherencef the producedules.

4 Retrieving the Typology of Fuzzy Rules

Let A o R denotetheupperimageof A throughR:
AoR = {v/3ue€ A, (u,v) € R} .
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It is interestingto noticethefollowing equivalences.

— Forimplicativerules,R C AU B isequvalentto Ao R C B. Thelatterinclusionis a
formal translationof the linguistic expressioncorrespondingdo therule: “if X is A, then
Y must be B”".

— For conjunctiverules,AN B C Risequialentto Ao R C B. Thelatterinclusionis a
bit lessobvious. It meanghatif avaluewv for Y is notreachabldrom avaluew for X in
A, then(u, v) cannotbeanexampleof therule.

Thesefour inclusionslead to four approacheso the modelingof fuzzy rules by fuzzy
relations.Indeed,whenconsideringfuzzy rules,theseequivalenceso longerhold. It means
that, regardlessof the choiceof particularfuzzy connectvesfor conjunctionor disjunction,
four kinds of fuzzy rulesfundamentallyexist, aspointedoutin [19].

4.1 Implicati ve Rules

ConsideraknowledgebaselC = {4; — B;, i = 1,...,n}, madeof n parallelfuzzyrules(i.e.,

ruleswith thesamenputspace/ andthesameoutputspace/). Theserulesareinterpretedas
constraintynegative information). The fuzzy connectve representinghe arrov mustthusbe

ageneralizednaterialimplication.Eachrule “if X is A;, thenY must be B;” (denoted4; —

B;) is representedby a conditionalpossibility distribution 7r§',|X = pa,— B, (themembership
function of 4; — B;), which is determinedaccordingto the semanticsof the rule. X is

the tuple of input variables(on which information can be obtained)and Y is the tuple of

outputvariables(aboutwhich we try to deduceinformation). If the implicationis suchthat

1 = a=a,for X =u e AwhereA is notfuzzy, the fuzzy conclusionof a fuzzy ruleis a

fuzzy constrainion thevaluesof Y. Eachoutputvaluew is at mostu g (v)-possible:

m(u,v) < pp(v), forall veV .

Accordingto (3), the possibility distribution 7% representinghe basek is obtainedasthe
(min-basedxonjunctionof thew{,‘x 's:
7k = min;—i,..n 7T§/|X . (8)

This equationshavs thatsuchrulesareviewedas(fuzzy) constraintsincethe morerules,
the more constraintsthe smallerthe numberof valuesthat satisfythem,andthe smallerthe
levels of possibility. The possibility distribution 7 is thenan upperboundof possibility for
pairsof valuesin U x V. Moreover, this conjunctive combinationimplies that someoutput
valueswhich arepossibleaccordingto somerules,canbe forbiddenby otherones.Then,the
possibility degreen™ (u,v) = 0 meanghatif X = wu, thenv is animpossiblevaluefor Y,
i.e., (u,v) is animpossiblepair of input/outputvalues.By contrast,7* (u,v) = 1 denotes
ignoranceonly. It meanghatfor theinputvalue X = u, norulein X forbidsthe valuew for
the outputvariableY . However, the additionof a new rule to K (expressinga new pieceof
knowledge)may leadto forbid this value.A possibility degreen™ (u,v) > 0 meanshatthe
pair (u, v) is notknown astotally impossible with respecto the currentknowledge.

Note thatsince,with the negative informationview, rulesexpressconstraintson possible
situationsjt may happernthata knowledgebaseis inconsistentvith a giveninputvalue X =
u. In the fuzzy case,it meansthat the fuzzy setof possiblevalues{(v, 7 (u,v)), v € V}
is sub-normalizedif not empty Thenthe rule baseis partially uselessas inferencecannot
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be carriedout for someinput values.This featurehasbeenconsideredan impedimentwhen
usingimplicative rulesfor fuzzy modeling.Indeedusingthe Takagi-Sugen@pproactor the
Mamdaniapproachthis situationnever occurs. However, in thelogic of negative information,
it canbe viewed as an expectedand valuablefeature.lt meansthat this approachto fuzzy
rule-basedsystemsnablegshemto betestedfor logical consisteng [34], which canbe used
to force the humanexpert providing the rules(or the learningsystem)o proposemeaningful
setsof rules(forbiddingrule basesontainingstatementtike “if X is A, thenY is B” and"if
X is A, thenY is not B” simultaneouslyfor instance)Generally a setof implicative rules
is logically coherentf andonly if the fuzzy setof possiblevalues{(v, w(u,v)),v € V} is
normalizedfor all u € U.

Accordingto the typology of fuzzy rulesproposedn [19], thereare two main kinds of
implicative rules,whoseprototypesarecertainty andgradual rules.

Certainty rules areof theform“The moreX is A, themorecertainlyY liesin B”, asin “The
youngeraman,themorecertainlyheis single”. They arebasedn the fuzzy translationof the
inclusionR C A U B. They correspondo the following conditionalpossibility distribution
modelingtherule:

V(uav)a WY\X(U’U) < max(l - :uA(u)ap’B(U)) . (9)

In (9), A and B are combinedwith Kleene-Dienesmplication:a — b = max(1 — a,b).

Givensucharule,andanobsenation A’ for theinputvariable X, the (fuzzy) set B’ denotes
the inducedrestrictionon the possiblevaluesfor the outputvariableY . For a preciseinput

A" = {uo}, theconclusionB' is suchthatVv € V, pp/(v) > 1 — pa(uo), i.e., auniform

level of uncertaintyl — p4(uo) appearsn B'. Then,"Y is B” is certainonly to the degree
14 (uo), sincevaluesoutsideB arepossibleto the complementarglegree.A similar behavior

is obtainedwith theimplicationa — b = 1 — a x (1 — b), wherex is the productinsteadof

min. Clearly, certaintyrulesextendpropositionswith certaintylevels by makingthe certainty
level dependbnthelevel of satishctionof fuzzy properties.

Gradual rules areof the form “The more X is A, themoreY is B”, asin “The redderthe
tomato,theriperit is”. They arebasedon the fuzzy translationof theinclusionA o R C B.
They correspondo the constraint:

Vu e U, ,LLA(’LL) *WY\X(’UJU) < NB(U) > (10)

wherex is a conjunctionoperation.The greatessolutionfor 7y | x (v, ) in (10) (accordingto
the minimal specificity principle which callsfor the greatespermitteddegreesof possibility)
correspondso theresiduatedmplication:

tasp (u,v) =sup{B € [0,1], pa(u) * B < pp(v)} - (11)

Whenx is min, (11) corresponds$o Gdodelimplication:a — b = 1if a < b, andb if a > b. If
only acrisprelationbetweenX andY is supposedo underlietherule, it canbe modeledby
RescheiGainesmplication:a — b = 1if a < b, and0 if a > b.

For aninput ug, (11) providesan enlagementof the coreof B, i.e., theless X satisfies
A, thelargerthe setof valuesnearthe core of B which arecompletelypossiblefor Y. This
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expresses similarity-basedoleranceif the valueof X is closeto the coreof 4, thenY is
closeto the coreof B and,morepreciselythecloserX is to thecoreof A, thecloserY must
beto thecoreof B. Thisis thebasisfor aninterpolationmechanisnwhendealingwith several
overlappingrules([35], [10]).

4.2 Conjunctive Rules

In the fuzzy control tradition, rule-basedsystemsare often madeof conjunction-basedules,
as Mamdani-ruledfor instance From the previous sectionit is clearthat this representation
considerduzzy rulesascasespiecesof positive information. ThesecasesdenotedA4; A B;
representlustersof impreciseobsenations,i.e., couplesof jointly possibleinput/outputval-
ues.Eachconjunctive rule is thenrepresentedty a joint “guaranteedossibility” distribution
63(,Y = HAAB; -

If the conjunctionA is suchthat1 A a = a, for apreciseinput X = u € A whereA is
notfuzzy, thefuzzy conclusiorof afuzzyrule A A B is a collectionof examplesof feasibleor
reachablesaluesfor Y. Namely eachvaluev € V is atleastupg(v)-possiblelf therule does
notapply(i.e.,if X = u ¢ A), thentheinferencemechanisnieadsto the conclusionY” =
which, in the contet of positive informationmeansthatY is unknawn, in the sensethatno
outputis guaranteegbossible.

Sinceconjunctive rulesmodelimpreciseinformation, the guaranteegbossibility distribu-
tion representinghedatabasés obtainedby adisjunctive combinatiorof theconjunctiverules,
which appropriatelycorrespondso the accumulatiorof obsenationsandleadsto thosepairs
of values(u, v) whosepossibility/feasibilityis guaranteedo someminimal degree.Then,the
counterparto (8) is:

(S)C = MaX;=1,...,n 53(,1/ . (12)

Thedistribution éx is thenalower boundof possibilityfor pairsof valuesin U x V.

Thus,a possibility degreedx (u,v) = 1 meanghatif X = w, thenw is atotally possible
valuefor Y. Thisis aguaranteegossibilitydegree By contrastdx (u,v) = 0 only meanshat
if X = u, norulecanguaranteghatv is apossiblevaluefor Y. By default,v is consideredis
not possible(sincepossibility cannotbe guaranteed)A membershiglegree0 to B’ represents
ignorancewhile adegreel meansa guaranteegossibility Thus,aconclusionB’ = () should
not be understoochereas“all the outputvaluesareimpossible”,but as“no outputvaluecan
beguaranteed”.

Amongobjectiongo fuzzy rule aggregyationala Mamdanicomingfrom thelogical campis
theobsenationthataddinganemptyrule “if anything,thenarything”, to arule basedestrys
the available information (because(lJ, 4; x B;) U (U x V) = U x V). This objection
would be valid in the negative informationview wheretherule “if arnything, thenarnything”
hasindeedemptycontentq(it is a tautology),andthe disjunctive combinationof information
is absurd However, in thelogic of positiveinformation,therule“if X isU thenY is V" is not
atautologybut hasvery extremecontentslt saysthatwhateserthe (input) valuew for X, ary
valuew for the outputvariableY is guaranteegossibleIn otherwords,thereis absolutelyno
relationshipbetweenX andY . No surpriseif this type of positive informationshoulddestry
all previousobsenations.With thismodel,theemptyruleis obviously“If X isU, thenY is ()"
which meanghatwhatereru € U, novaluecanbeguaranteegossiblefor Y. Then,suitably

As for implicative rules,therearetwo main kinds of conjunctie rules, called possibility
andantigradual rules[19].
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Possibility rules are of the form “the more X is A, the more possibleY liesin B”, asin
“the morecloudythesky, themorepossibleit will rainsoon”. They arebasedntheinclusion
AN B C R. They correspondo the following possibility distribution modelingtherule:

V(u,v) € U xV, dx,y(u,v) > min(pa(u), up(v)) . (13)

Theserules,modeledwith the conjunctionmin, correspondo theonesintroducedy Mamdani
and Assilianin 1975[36]. For an input valueu suchthat pa(ug) = «, a possibility rule
expresseghat,whena = 1, B is asetof possiblevaluesfor Y (to differentdegreesif B is
fuzzy).Whena < 1, valuesin B arestill possible but they areguaranteegossibleonly up to
thedegreea. To obtain B’, the outputsetassociatedvith uq, thesetB is thentruncatedrom
above.Finally, if o = 0, therule doesnotapply, andB’ = () asalreadysaid.

Antigradual rules, which areanothertype of conjunctive rule (see[19]), expressthat “the
more X is A, thelargerthe setof guaranteegbossiblevaluesfor Y is, aroundthe coreof B”,

asin “the moreexperienceda managerthe wider the setof situationshe canmanage” They
arebasedntheinclusion4 o R C B. Foraninput A’ = {ug}, if pa(ug) = a < 1, thevalues
in B suchthatug(v) < «, cannotbe guaranteedSucha rule expresse$iow valueswhich are
guaranteeghossiblecanbe extrapolatedn a closenesgasis.

5 Inferencewith Different Typesof Rules

This sectionis concernedvith the inferencefrom a fuzzy systemundera fuzzy input, in the
light of the distinctionbetweenpositive and negative information. Given a fuzzy systemde-
scribedby afuzzyrelation,it is widely agreedhatgivenafuzzyinput, thefuzzy outputshould
be computedby meansof a sup-mincomposition.It yields the upperimageof a fuzzy set
throughthe fuzzy relation. The secondpart of this sectionshows thatthis approactshouldbe
restrictedo thehandlingof negative informationrepresentetly implicative rules,andthatthe
inferencefrom Mamdanisystemsinderfuzzy inputs(or moregenerallyfrom systemsnadeof
conjunctie rules,encodingpositive information)shouldbe basedon anotherprinciple which
comesdown to finding the lowerimageof afuzzy setthroughafuzzy relation([37], [38]).

5.1 Inferencewith Implicati ve Rules

In this section,a setof implicative rulesis consideredlt is modeledby a joint possibility
distribution 7% after(8).

In orderto computethe restrictioninducedon the valuesof the outputvariableY’, givena
possibility distribution 7’y restrictingthe valuesof theinputvariableX, 7' is thencombined
conjunctiely with 7% andprojectedon V, thedomainof Y (in agreementvith (3)):

Ty (v) = sup,ey min(7* (u, v), 7 (u)) - (14)
This combination-projectioiis known assup-min composition(or CompositionaRule of

Inference)andoftendenotec. Then,givenasetof rulesk andaninputsetA’, whichmeans
thattheill-known, realvaluefor X liesin A’, onecandeduceheoutputB’ givenby:

B = A'oﬂ;Ai —B; = A'oRF | (15)
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with ppx = 7. The obtainedfuzzy set B’ is thenan upperboundof the possiblevaluesfor
theoutputvariableY'.

Severalfeaturef this kind of fuzzy inferencedesere to berecalled[4]:

1. Therule-by-ruleapproacho inferencgalsocalledFITA: firstinfer thenaggreyate)is nota
completeproceduren the presencef fuzzyinputs.Namely letting B} = A’ o (4; — B;)
thenA’ o (), Ai — B;) C (), B;. The rule-by-ruleapproachis less precise.For
instancefor theinput 4; U A;, it mayyield V' insteadof B; U B;, in the generalcase.
Indeedit is oftenthe casethatthe coreof A; is notincludedin the supportof A;, sothat
(A; U 4;) o (A; = B;) = V. Only the FATI approachH(first aggreyatetheninfer) obtains
themostpreciseresults,in agreementvith (15).

2. Themorerulesaretriggered.the moreprecisethe conclusionderivedfrom a giveninput.
This conclusionis always a normalizedfuzzy setwhen the fuzzy input is normalized,
unlesstherule baseis not coherenin the sensalepictedn Sectiond.1.

3. ThesuitablepropertyA; o (", A; = B;) = B;, calledinferentialindependenceloes
not holdin the generalkcase However, it hasbeenshown (see[39]) that,if theusedfuzzy
implicationsatisfiegthe modusponensA o (A — B) = B (typically with Gédelimplica-
tion), thentherulesareinferentiallyindependentin particularwhenthe A;’sform afuzzy
partitionin the usualsensg40], propertywhich is expectedfrom a fuzzy systemwhere
eachrule coversaspecificareaof theinput space.

Thefailure of modusponendor certaintyrules,for non-crispsets agreesith theseman-
tics of theserules.Indeed certaintyrulesexpressthatY isin B; only for input valuesX
in thecore of A;, i.e.,inputvaluesX which aretypical for A;.

5.2 Inferencewith Conjunctive Rules

The usualapproachto reasoningwith Mamdanisystemaunderfuzzy inputsis basedon the
sup-mininference:

B = AIO(UZ' Az X Bz)
= Ui Ao (A4; x B;)  (ruleby rule)
=|J: min (Cons(4', 4;), B;) (truncation),

wherethe consisteng is givenby: Cons(A’, A;) = sup, ¢y min(par (w), pa; (u)).

At first glance,the situationis betterbecausdahe FITA methodis completeandis equiv-
alentto the more cumbersomé&ATI method.However the approacthis very questionabldor
inferencewith conjunctiverules,andit leadsto seriousanomalies.

— First, the useof the sup-mincompositionconsiderghe fuzzy relationR = |J; A; x B;
asa constraintombinedwith theinput. So R is interpretedasnegative informationwhile
eachgranuleof it adbeenconsideredspositive information.

— Then,whenafuzzy partitionis usedthereis noway of achiesing A; o (|J, 4;xB;) = B;
exceptif the A;’s aredisjoint [14].

— Lastly, the more rules are triggeredthe more imprecisethe obtainedconclusion,since
a disjunctionof partial conclusionss performed.Adding rulesleadsto moreimprecise
conclusionswhile onewould expectthe fuzzy systemto be moreinformative with this
kind of inference.
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In orderto overcomethesedifficulties, it is usefulto considerthefuzzy relationobtainedfrom

asetof conjunctverulesfor whatit reallyis, namelypositive information.A conjunctverule

bases actuallyamemoryof fuzzy casesThenwhatappeato beanomaliesinderthenegative

informationview becomesatural It is clearthataddinga new conjunctiverule to afuzzy case
memoryshouldexpandthe possibilities,not reducethem.

The fuzzy input still consistsin a restrictionon the valuesof the input variable,andis
thusof a differentnature.lt is in somesensenegative information.Sothe questions: “how to
exploit a setof fuzzy caseswhich for eachinput valuedescribeghe fuzzy setof guaranteed
possibleoutputvalues,onthebasisof negative impreciseinformationon theinput ?”

In factwhathasto be computedyia anappropriatgprojection,arethe outputvalueswhich
areguaranteegbossiblefor Y, for all valuesof X compatiblewith therestrictionon theinput
value.

Then,consideringa setof conjunctverulesk = {A4; A B;, i = 1,...,n}, thecomputa-
tion of B’ canno longerbe achieved via the sup-mincompositionappliedto the disjunctive
aggreyationof the rules. Indeed,the sup-mincompositionappliedto too imprecisean input
A',suchthat4; N A;41 C A' C A; U A1, leadsto toolargea conclusionB; U B, 1, since
A" x (B; U B;41) containsvalueswhich arenot guaranteegbossible asshovn on Fig. 4, on
thetwo hatchedzones.

14 14
Biye | Biy: |
B’ ,,,,,,,,, BI ,,,,,,,,,
B; R ——_———
1 1 B; § 1 1
1 1 ' 1 1
U U
A; A’ Ajpq A; A’ A

Fig. 4. Sup-mincompositiorwith Mamdanirules.

The expectedconclusionjn termsof guaranteegbossiblevalues,is givenfor anonfuzzy
input A’ by:
pp, (v) = infye 4r max; 6°(u,v) . (16)
Whatis computeds the intersectionof the setsof imagesof preciseinputscompatiblewith
A’. Any valueY = v in thisintersectioris guaranteegossible by any inputvaluecompatible

with A’. B/, is thelowerimage[37] of A’ viatherelation R aggreatingthefuzzy cases.
WhenA' is fuzzy, this equationcanbe generalizedy (see[41]):

pe (v) = infuey (par(u) - max; 8 (u,v)) 17)
where— is Godelimplication:a — b = 1 if a < b andb otherwiselt canbe checledthatfor

usualfuzzy partitions,if A’ = A; in (17),thenB’ = B;, aresultthatcannotbe obtainedusing
the sup-mincomposition(see[14]).
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Fig.5. B’ givestheguaranteegossiblevaluesfor Y, Vu € A’, for two differentA’.

In thefollowing, K _, denotes setof implicativerules,encodingnegativeinformation,and
K A asetof conjunctive rules,encodingpositive information.

Generallyspeaking the logical consequencenechanismworks in an oppositeway for
K- andd* (see[17)). Indeed,afuzzy setC is a consequencef the knowledgebasek _,
iff 7%~ < ue, sincemin(7*~, uc) = 7%~ . By contrast( is a consequencef the baseof
exampleskC, iff 654 > uc, sincemax(6%+, uc) = 6%+, By the way, this is in agreement
with theideaof defuzzificationwhich consistsn choosingavaluein theset{t, 5%~ (¢) > 0}.

Onecanalsonaotice that, while the sup-mincompositionis monotonic(A C A’ implies
B C B'), thefocusingoperationdescribedby (17) is anti-monotonigq A C A’ impliesB D
B'), asshavn onFigs.4 and5 respectiely. Thereasoris thatthemoreimpreciseheinput, the
morerestrictedthe setof outputvaluesattainablerom all realizationsof theimpreciseinput.

Theinf,c 4/ in equation(16) (andits fuzzy counterpartin equation(17)) expresseghat
the outputvaluesin B’ have to be guaranteedor all possiblevaluein theinputsetA’, while
thesup, ¢ 4/ in the sup-mincompositionwould suggesthata valuein B’ canbe guaranteed
possiblef it hasbeenobsenedfor onevaluein A’, whichis obviously wrong.

The focusingoperationexpressedy (16) and (17) (where A’ is not combineddisjunc-
tively with therestof theinformationcorrespondingo therules),shouldnot be confusedwith
aModus-Ponens-ligcounterparfor base®f exampleswheretheconjunctiverulesandthein-
put A’ wouldplaythesamerole,unlikein (17).Indeed]et usconsideithetwo premissesi) the
valuesn A x B areguaranteegossibleatleastatthedegreeq, i.e., (inf(u,v)eAxB o(u, v)) >
a, andii) thevaluesin 4 x V (whereA is thecomplemenbf A onU) areguaranteegossible
atleastatthedegrees, i.e., (inf(u,v)ezxv (u,v)) > B. Thenonecandeducehatthevalues
for Y whichlie in B areguaranteegossibleat the degreemin(a, 3), whateveru € U, since
inf(, ., evxB 0(u,v) > min(a, B), asit is clearon Fig. 6.

Formally, it correspondso thefollowing inferenceschemeif A(A x B) > a andA(4) >
B,thenA(B) > min(a, ).

Notethatthereasoningheoryfor positiveinformationdevelopedoy Weisbrod22] strongly
differs from the proposalof this section.Weisbrodavocatesthe universality of the sup-min
compositionfor inference,including with positive information.However the proposedatio-
naleis debatable.
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Fig. 6. Computatiorof guaranteegbossiblevalues.

6 Interpolation by Completion betweenSparseRules

Whenarule baseis madeof incompleteknowledge,it mayoccurthatfor agiveninput A*, no
rule applies Then,theobtainedconclusionis either B* = V with implicative rules,or B* = ()
with conjunctive rules, both situationsrepresentingotal ignorance,as expected.However,
whentherulesaresparseandthedomainof thevariablesarerealintervals,it canbenaturatlto
interpolatebetweernvaluesgivenby (atleast)two neighboringules,especiallywhenagradual
andsmoothvariationof Y in termsof X is assumed.

Theinterpolationproblemcanbe summarizedsfollows. Givenasetof rules”if X is A;,
thenY is B;”, wherethe A; andthe B; areorderedon their domainsandgivenanimprecise
input A" betweenA; and 4,4, find an informative conclusionB* betweenB; and Bj
(assuminga nondecreasingnonotonicfunctionbetween(A;, B;) and(A 41, Bjy1)).

Theinput A* is saidto bebetween A; and 4, if andonly if:

inf (Supp(4;)) < inf (Supp(4*)) < sup (Supp(4*)) < sup (Supp(4;41)) ,

whereSupp(A4;) isthesupporiof 4;. Thebetweennesgropertyis denotedd; < A* < Aj4;.

Severalinterpolationmethodsfrom spars€uzzy rules,basedon differentprincipleshave
beenproposede.g.[42] for somereferences)HirotaandKéczy [43,44] uselevel-cutsto find
setaluedoutputsand rekuild the fuzzy outputfrom the interval-valuedoutputs.The latter
are obtainedby interpolatingseparatelyfrom the left-handsidesandthe right-handsidesof
the level cuts of the conditionsand conclusionsof the fuzzy rules and of the input. These
authorsnoticethat sometimeghe boundsof theresultsarenot in the expectedorder, because
theinterpolationweightsfor left-handsidesandfor theright-handsidesarenot relatedto each
other Sincethenmary papershave appearedvhich try to copewith thisanomaly In contrast
Duboisand Prade[45] have suggested view of fuzzy interpolationbasedon the extension
principle appliedto the fuzzy points definedby the Cartesianproductsof the left-handside
andtheright-handsideof eachrule. Otherinterpolationprincipleshave beenproposedbased
onshapénterpolation(Bouchon-Meunieetal. [46], [47] for instance)Jenei[48] tried to state
axiomsawell-beharedfuzzy interpolationmethodshouldsatisfy

In this section,only the two first mentionednterpolationmethodsare discussedandre-
interpretedn the framework of this paper |t is shovn thatboth schemeslerive from standard
deductve inferenceperformedon the rule baseconsistingof the two rules, completedwith
linearly interpolatedrules[49,50. The methodof Kéczy andHirota is shovn to rely on im-
plicative rules,viewed as constraintswhile the other methodusesconjunctie rules,viewed
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asimprecisedata.For the sale of simplicity, this sectionconsiderghat ruleshave only one
input (theinput spacehasonedimension) andthatthe conditionsandconclusionf rulesare
non-fuzzyclosedintervals (see[49] for the extensionto fuzzy setsandto multi-input rules).
Moreover, asa corvenientnotationthe two consideredsparseulesaredenoted Ag, By) and
(A1, By).

In the caseof conjunction-basedules,the two rules betweenwhich the interpolationis
performedrepresentwo pointsin Ag x By andin A; x By respectiely, whichareguaranteed
to be possible. The schemeconsistsn linearly interpolatingbetweentheseimprecisepoints.
Formally, given (zo,y0) € Ao X By and(z1,y1) € A; X By, andassuminge € A*, the
problemis to find the output B* astherangeof:

r — Xg ry — I

: + Yo - )
1 — To I1 — To

Y

usingsensitvity analysislt comesdown to computingtheareascannedy all thestraightlines
betweerthe points (zg,y0) € Ao X By and(x1,y1) € Ay x Bj. It leadsto the relation A
depictedonFig. 7. Olviously, points(z, y) in A canbeoutsideA, x By, andoutside4; x By,
evenwhenz € Ag or xz € A;. Thisis compatiblewith the semantic®f conjunctiverulesonly.

Fromthis constructionA is animprecisefunctionobtainedy linearinterpolatiorbetween
imprecisepoints. As a consequencehe outputof the interpolationproblemwith input A*,
namely B*, shouldbe computedconsideringthe extensionprinciple. Then,the output B* is
givenby thesup-mincomposition:B* = A* o A, andcanbecomputedria interval arithmetics
(see[45]). However, given A* = A;, fori = 0,1, it leadsto B* O B; (theequalityis obtained
whenBy = Bj only).

In factthis methodof linearinterpolationfrom imprecisepointscanyield very imprecise
resultsevenif theinputis precisesay X = z*. Indeedit is clearthatthe resultis theinter-
val on the Y -axis obtainedby cuttingthe shadedareaon Fig. 7 by the straightline X = z*.
With impreciseinputs, the outputis all the moreimprecise.The resultcould be mademore
preciseusingthe inf-max composition yielding the setof outputvaluesthat canbe attained
from all linear functionsin A usingary valuein the input set A*. Using the inf-max com-
positioninsteadof the sup-mincompositionis not a ad-hocproposition.lt canbe justified by
thesemantic®f the conjunctiverules,asshavn later Moreover, it leadsto the expectedresult
B* = B; whenA* = A;.

Fig. 7. Interpolationwith imprecisepoints.
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The point of view of implicative rulesis to considerthatthetwo rulesno longerrepresent
impreciseljocatedpoints,but areconstraint®ntherangeof Y, for X € AqUA;. They forbid
linearfunctionsY = ¢- X + d betweenX andY wherebyc- X + d liesoutsideB, if X € Aq
oroutsideB; if X € A;. LetA; = [a;,a}], B; = [b;,b}] for i = 0, 1. Formally, the output B*
istherangeof ¢- X + d wherex € A*, underthefollowing constraint®n coeficientsc andd:

'a0+d€Bg s

c
c-ay+de B, 19)
C'a1+d€B1 y

c

'all+d€Bl .

TheobtainedrelationbetweenX andY is theareaR scannedy all the straightlinesthat
donotcrosstheareadorbiddenby thetwo rules(thatis, containingno countergamplesof ary
of therules,asshavn on Fig. 8). Thetwo straightlinesthatdelimit R aredefinedby thepair of
points{(ag, bo), (a1,b1)} and{(ay, b}), (a}, b)) }. Thus,the proposednterpolationprinciple
usedwith implicative rulescorrespondso the casewherethelinear modelhasto bethe same
betweend, and A; ason Ay U A;. The outputof the interpolationproblemwith input A*
is actually B* = A* o R (a sup-mincomposition),and canbe computedasfollows: for arny
x € [ag,a}], define); suchthatz = a; - A; +af - (1 — \;) for i = 0, 1. It canbeeasilyseen
thatB* = [U,U] withu = bo - Ao + b6 . (1 — /\0) andv = bi- A+ bll . (1 — )\1) Thisis Kéczy
andHirota's method However onemay have u > v sincethereis no relationshipbetween,
and); . It canbe calledconstrainedule-basedinearinterpolation.

Sometimedhe two straightlines delimiting R may crossso thatthereis no valuey cor-
respondingo a giveninput z. This is whenthe setof constraintsdefiningthe interpolation
problemis inconsistenttheremay be no point (z, ¢ -  + d) satisfyingthe constraint18).
Thisis truein particularif the conclusionpartsof therulesarepreciseandaredifferentwhile
condition partsareimprecise,sincethe only possiblelinear functionscompatiblewith such
rulesareconstanfunctions.When R exists, the outputis obviously moreprecisethanwith the
formermethod.

Fig. 8. Interpolationbetweerandon Ao U A;.

Thetwo linearinterpolationschemesntroducedabove canbe obtainedby a uniqueprin-
ciple which consistdn completingthe setof two rulesiC, eitherby implicative or conjunctive-
basedrules. This interpolationprinciple simply consistsin addingto K all the rules of the
form (Ax, By), for A € [0,1], where Ay and B, are obtainedby linear interpolation,by:
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Ayx=X-A1+(1-X)-ApandBy = A-B; + (1 - A) - By. Aninfinite setof rulesis obtained,
namelyl = {(Ax, By), A € [0,1]}. Now, it canbe shavn thattherelationscorrespondingo
L aretheonesdepictedrigs. 7 and8.

Conjunctverules,representingl-known pointscorrespondo therelation 4; x B;, where
x is the Cartesianproduct.As theserules encodepossiblevalues,they are aggreateddis-
junctively (possiblevaluesadd). Thus,therelation R correspondindo the setof rules L is
R, = Uxe[o,u A, x By, which correspondo thegrey partof Fig. 7.

Implicativerules,representingartsof afuzzyrulescorrespondo therelationA — B and
areaggreyatedconjunctiely. In this casetherelation R becomesR, = ﬂ,\e[o,u Ay — By,
which correspondso the grey partof Fig. 8.

Sincethis interpolationmethodonly consistsin completingthe initial setof two rules
by linearly interpolatedrules, the inferencemethodshouldbe the usualone, appliedto the
completedsetof rules:the sup-mincompositionfor implicative rules,andtheinf-max compo-
sition for conjunctve rules. Then,whenA* = A,, whaterer A € [0, 1], the outputis suitably
B* = B,. Thisagainadwcatedor theinf-max compositionwith conjunctverules.

Sincethetwo interpolationmethodsanbedescribedy meansof regular(completedyule
basesit is clearto seewhy the extensionprinciple approachalwaysprovidesan output:con-
junctive rulesnever conflict. Onthe otherhandit is clearthatthe casewhenthe Kéczy-Hirota
methodgivesan emptyresultcorrespondso anincoherencompletecknowledgebaseof im-
plicative rules.Henceratherthattrying to mendthemethodit is advisableeitherto changehe
rules (relax the constraints)or to changethe interpolationmethod(non-linearinterpolation,
or interpolationin-betweenthe rules only [49]). Also note that the interpolationmethodby
completionof a setof conjunctive rulesandthe inf-max compositioncanalsoleadto empty
resultsIt occurswhentheinput A* istooimprecise andthennovaluefor Y canbeguaranteed
possiblewhatererthevalueof X in A*. However, thisis nota caseof incoherence!

Theextensionof theconjunctiverule-basednterpretatiorto fuzzy rulesis simple[45]. The
extensionof theimplicative rule-basednterpretatiorto fuzzy rulesis clearin theoreticaterms
(usinga fuzzy completecknowledgebasedandapplyingthe sup-mininference) However it
is tricky in practiceassubjectfirst to a coherencéest,andif coherenthe computatiorof the
fuzzy outputinheritsall difficulties of inferencefrom a setof implicative rules,but now it is
aninfinite set(thecompletedsetof all interpolatedules).Firstresultsappeain [49]. Thisis a
topicfor furtherresearch.

7 Conclusion

This paperhasemphasizediwo complementaryypesof informationcallednegative andpos-
itive information.Negative informationactsasconstraintdhat exclude possibleworlds while
positive informationmodelsobsenationsthatenablenew possibleworlds.

It hasbeenshown that“if. ..then...” rulesconvey bothkindsof information,throughtheir
counterexamplesand examplesrespectiely. The existenceof differenttypesof fuzzy rules,
whoserepresentatiotis basedeitheron implicationsor on conjunctionscanbe explainedby
theexistenceof thesewo antagonisticviews of information. Thesewo pointsof view onrules
leadto two specificanddistinctinferencemodes A generalmethodby completionof the set
of rulescanbeappliedin bothsituationsfor interpolatingbetweersparseules.

Fuzzy rules and especiallyconjunctive rules have beenshavn recentlyto be usefulin
case-baseprediction[51] for modelingthe principlethatsimilar inputspossiblyhave similar
outputs;implicative rulesarethenusedfor interpretingthe repertoryof casesasconstrainton
similarity relations.
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