Sparsity in Optical Imaging:
Bandwidth Extrapolation, Phase
Retrieval, and Nonlinearities



Subwavelength Imaging

Diffraction limit: Even a perfect optical imaging system has a resolution
limit determined by the wavelength A

= The smallest observable detail is larger than ~ A/2

= This results in image smearing

A=514nm
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Optical Cut-off for High Spatial
Frequencies

Free space transfer function

field propagation (z=0— z > 0)

propagating waves

evanescent waves

Free space acts as a lowpass
filter




Hardware Solutions — Near Field
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Algorithmic Subwavelength
Imaging




Phase Retrieval:

Recover a signal from its Fourier magnitude

Fourier +
Absolute value




Phase Is Important!
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Phase Retrieval Applications

Ultra-short optical pulse measurement : : :
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The Goal: Subwavelength CDI




Outline

References for nonlinear compressed sensing:
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BW Extrapolation: Challenges




Recovery From Lowpass
Measurements

= Close spikes cannot be recovered by basis pursuit

= Erroneous spikes tend to occur but typically in the vicinity of the true spikes
with width proportional to 2/f

= Stretches of zero values tend to be correct



NLHT: Nonlocal Hard Thresholding
NLHT algorithm I

e S—off-support
1t - nearest-neighbor window size

¢, - threshold lteration #i (WWMQMW)

A - increment in threshold
£ — noise parameter 2 H 2 Lt 2 }.12 pO ff' Suppo rt
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Experimental Results

racoostaukdchagage SEM image

A.Szameit et al., Nature Materials 2012

Can be extended to incoherent light and partially incoherent light
Y. Shechtman et al. (2010, 2011)



Subwavelength CDiI:

Lensless Imaging

Find image a such that y ~ |Fal?




Nonlinear Compressed Sensing

X
| Long
HI.U' ﬂ | k-sparse
Short n, m<n =
~ klog n measurements -




Nonlinear Sparse Recovery




Phase Retrieval




Phase Retrieval:

Random Measurements




Existing Techniques —

Iterative (“Fienup”) Algorithms

Fourier
Impose temporal
Constraints: Impose Fourier
Support, Constraints

positivity, ...

Inverse Fourier



Semidefinite Relaxation




Phase Retrieval: Sparsity

PR methods often perform poorly, no general optimality conditions

Sparsity can be added to improve performance (Moravec et. al 07,
Shechtman et. al 11, Bahman et. al 11, Ohlsson et. al 12, Janganathan 12)

Both Fienup methods and SDP-based techniques can be modified to
account for sparsity (Shechtman et. al 11, Mukherjee et. al 12)

SDP methods require k“log(N) measurements (Candes et. al 12, Li 12)

klog(N /k) measurements needed for stability (Eldar and Mendelson 12)

Solving YL ly; — a;, x)|?|P 1 < p < 2 subjectto asparsity constraint
provides stable solution (Eldar and Mendelson 12)

Can we efficiently solve the least-squares
nonlinear sparse recovery problem?
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Our Approach




Basic Feasibility

Theorem: Any optimal solution is a basic feasible vector:
1. when ||x*[lo < k,Vf(x*) =0
2. when||x*|lo =k, Vf(x*) =0foralli € S



L - Stationarity

Theorem: Let Vf(x) be Lipschitz continuous.
Then L-stationarity with L>L(f) is necessary for
optimality



L — Stationarity: Discussion

Iterative Hard Thresholding:
xk*t1 e H(xk — %Vf(x"))
where H(x)=hard thresholding of x



Coordinate-Wise Minima

Theorem: Any optimal solution is a CW minima



CW-Minima: Discussion

Optimal solution » CW-minima » L-stationarity» BF

Optimal solution » CW-minima » L’-stationarity »L-stationarity




Greedy Sparse Simplex Method

General step ||x*||y < k : find coordinate that minimizes f (x)
t; € arg mtinf(xk + te;) fi = mtin f(x® + te))

xRt = xK + e

Swap ||x*||g = k : Swap index i with best j if lower objective



Summary: Greedy Sparse Simplex




Example

Generate a matrix A of size 4x5

y = Ax wherex =[-1 —1000]7

In this problem there are 10 BF points

We implement IHT and the greedy method with 1000 randomly generated
values x,

Number of times method converged to each BF

63 92 229 o0 130 O
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Example — Cont'd

= |terations of greedy method withx, =[015 0 0 0]”

iteration number

=
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GESPAR: GrEedy Sparse PhAse Retrieval

1. For a given support: minimizing objective over support by
linearizing the function around current support and solve for y,

Zy = Zg—q Tt (Vk — Zk-1)

?

2. Find support by finding best swap: swap index with small value
|x; | with index with large value |\7f(xj)|




Performance Comparison
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Sparsity Based Subwavelength CDI




Sparsity Based Ankylography

Concept:

= A short x-ray pulse is scattered from a 3D
molecule combined of known elements. The
3D scattered diffraction pattern is then

sampled in asingle shot

600 800 1000 12
Grid index

K.S. Raines et al. Nature 463, 214 ,(2010).
Mutzafi et. al., (2013).



Coupled Waveguide Arrays

Only output intensity is measured:

Leading to the quadratic problem:



Experimental Results Using GESPAR

Y.Shechtman et. al. (2013)



Application — Sparse Dynamic CDI




Small Difference — Few Samples

- &




Our Problem Is Quadratic

y, =|Fx[", xissparse &=

|
®
$
s

Y, =|F (x+ Ax)‘z, AX is sparse

X 1S known



Simulation: Fienup (HIO)

Standard HIO True object




Simulation: Our Method (GESPAR)




Conclusion







