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Abstract. The handling of partially ordered degrees of preference However, when a partial ordet is used, an upper bound can be
can be important for constraint-based languages, especially wherery uninformative, since the requirement of a unique covering value
there is more than one criterion that we are interested in optimisingcan easily generate a very high element as an upper bound. For in-
This paper describes branch and bound algorithms for a very generatance, consider a situation where we are trying to find a single op-
class of soft constraint optimisation problems. At each node of theimal solution with respect to a Pareto ordering; suppose the current
search tree, a propagation mechanism is applied which generates bast assignment has preference degre® 4), and we find that ev-
upper bound (since we are maximising) of the preference degrees efy complete assignment extending the current partial assignment ei-
all complete assignments below the node. We show how this propther has preference degree no better thaf, 6), or no better than
agation can be achieved using an extended mini-buckets algorithni—1,1). Then exploring this subtree has no benefit since the cur-
However, since the degrees of preference ordering are only partiallient degree of —3, 4) cannot be beaten. However, if we use a single
ordered, such an upper bound can be very uninformative, and so itpper bound then this upper bound is at I€ast, 6), which is bet-

can be desirable to instead generate an upper bseinghich con-  ter than(—3, 4), and so doesn't justify backtracking; we would then
tains an upper bound for the degree of preference for each completeeed to explore the subtree, perhaps having to do exponential amount
assignment below the node. It is shown how such propagation caof work (we might even need to instantiate every variable). But if we
also be achieved using this extended mini-buckets approach. instead keep a set of two upper boufds-6, 6), (—1, 1)}, meaning

that each complete assignment has preference degree either no better
than(—6, 6), or no better thati—1, 1), then this gives us enough in-
formation to backtrack at this node. Clearly, keeping suchger
bound setan sometimes enable much stronger pruning.

Degrees of preference can be partially ordered in many situations, . ) . S
. . o 7 - In Section 2 we define a framework for soft constraint optimisation
especially where there is more than one criterion we are interested in . . . o
oblems; we consider a very general definition of soft constraints;

optimising. For example, consider a situation where we are trying @

o o - . In particular, it is very much more general than semiring-based con-
optimise o criteria such as time and mongy3, 4) might mean straints [3], and enables us to make use of user-defined orderings of
that the choices imply that the job will tak¥days and lead to a ' 9

) T degrees of preference, for example, adding extra tradeoffs to a Pareto
net gain of4 " euros. A common standard ordering is the |Daretoorderin may well lose nice properties such as being a distributive
ordering: so thata, az) < (b1,b2) ifand only ifa; < by andas < 9 may prop g

. . ttice or monotonicity, so we do not assume these. Also in Section 2
ba. However, the Pareto ordering often seems excessively weak. . . .
. we describe the structure of the branch-and bound algorithm. Section
natural way to remedy this is to add trade-offs. For example, the us

might indicate that they prefér-5, 6) to (—4, 1). We can then define % describes the approach to pruning domain elements when we are

a new ordering by adding a set of such extra trade-offs to the I:,aretlgterested in finding a single optimal solution. This involves use of a

ordering, and generating its transitive closure. propagation to generate upper bounds or upper bound sets. Section

In a system of soft constraints based on partially ordered prefer‘-1r describes an extended mini-buckets [4] approach for generating an

ences, each soft constraint evaluates a solution by a degree of pr ypper bound. Section 5 shows how this approach can be extended

erence taken on a partially ordered scale <) (the highera w.r.t, ?o generate upper bound sets. Section 6 considers other optimisation

<, the better). The global evaluation of the solution is obtained bytaSKS’ and Section 7 discusses extensions.

the combination of the individual degrees, and the aim is typically to
find a solution which is optimal (i.e. maximal) with respeckto

The basic scheme for obtaining such solutions is a branch-andfhere is a growing literature on soft constraints based on partially
bound tree search; at each node, some form of propagation is usedidered preferences, and related optimisation techniques. The soft
to generate upper bound information (since we are maximising) reeonstraints framework explored in this paper is somewhat similar in
garding all the complete assignments extending the partial assigrstructure to semiring-based CSPs [3], though is much more general.
ment associated with the node. This is compared with the currend general propagation framework for semiring-based CSPs have
best complete assignment; if no such complete assignment can Ipeen derived in [3, 2, 1], but mini-buckets propagation has not been
better than our current best solution then we can backtrack. explicitly considered, nor has the use of upper bound sets. However,
L Cork Constraint Computation Centre, Department of Computer Sciencethe use of mini-buckets and a kind of upper bound set has been d‘?"e"

University College Cork Cork, Ireland. n.wilson4c.ucc.ie oped by Rolbn and Larrosa [10] (see also [5, 12, 11]) for the special
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lene.Fargier@irit.fr Junker [8, 9] considers multi-criteria optimisation, which corre-
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sponds to situations in our framework where theAetf preference To each node in the search tree is associated a set of variables
degrees has a combinatorial structure. Particular orderings are comhich have been assigned (in ancestors of the node), along with the
sidered including lexicographic and Pareto orderings. [6, 7] also deassociated assignment to those variables.rdbenodehas associ-
with multi-criteria optimisation especially for the Pareto ordering; ated set of variable@. We say that a node islaaf nodeif its asso-
[13] consider a soft constraint approach to Pareto optimisation. ciated assignment is a complete assignment, and so involves all the

variables.
2 Branch-and-Bound Tree Search for General Soft When we create a nod¥ which is not a leaf node, we choose a
Constraint Optimisation variableX to assign next, and choose an elemenf its domain; on

backtracking we choose another valueX6f when there are no re-

Let® be a commutgtlve and associative operation on asdihe maining values ofX' to choose, we backtrack (up to its parent node).
elements ofA will be interpreted as degrees of preference and com-

d usi ¢ i d irreflexi lafiae define< in th The search finishes on backtracking from the root node.
pared using a transitive and Irretiexive refatialie defines. in the When we consider value of variable X we first check ifz will
obvious wayr < sif and only if eitherr < sorr = s.

) . be pruned (see Section 3); if so, we move onto the next valug. of
f;(etg/ ?ﬁ a S?t ?f varl_?)klnles.lFoYmeFV l;thg/X)d tfhe dDomUam If we cannot pruner then we generate (and move down to) a new
ot A, be the set of possible value al. For U & v, definer (0), node (a child of the current node) associated with the previous set of

the domain ofU to be[] ., D(X). (An element ofD(U) is for-

. : assignments plus assignment= z.
mally a function onJ which mapsX € U to an element oD (X).) 9 P 9 *

Elements ofD (V) will be referred to asomplete assignments. Behaviour at leaf nodes: Consider a leaf node with associated
An A-constraint(also called aoft constrain} has an associated complete assignment. Let ¢ be the preference degree of i.e.,
set of variabled/,, known as itsscope ¢ is a function fromD(V,)  t = Cg(a). If t > best, we setbest := t and setaes = o

to A. If « € D(U) whereU D d(V.), then we use(a) as an ab- Otherwise we leavéest anday,es: unchanged. In either case we then
breviation ofc(a!tVe), wherea V= is the projection (i.e., restriction) ~backtrack to its parent node.
of a to V.. Fora € D(V.), the valuec(e) is intended to repre- Associated with each node is a sub-problem: the original collec-
sent a benefit or cost (or more general preference degree) associafé@n of soft constraints (partially) instantiated with the assignment
with this soft constraint, when tuple is chosen. The operatianis ~ associated with a node. More explicitly, [€tbe the set of uninstan-
used to combine preference degrees and it enables us to combine sé@ted variables, and let be the assignment df — U associated
constraints. The combinatiafig, of C is given by, fora. € D(V), with the node. Each soft constraingenerates a soft constraint by
Cy(a) = Q.cc c(). Its scopeVe,, equald . Ve. instantiating withd and only considering variablds. That is, from

A soft constraint (as defined here) is more general than a cc We generate constraimb with scopeV,, = U N V. defined by
semiring-based constraint [3]. The neutral element (if it exists) is nofor 8 € D(U N Ve), co(B) = c(03). For example, supposehas
required to be the top of the scali(so, that both costs and benefits scope{X,Y, Z} and allocates preference degre¢o assignment
can be represented) and the usual kind of monotonicity property fotX = z2,Y = y1,Z = z2). If § assignst” = y1 andZ = 2 then
® is not assumed. This allows flexibility in the ordering of preferencece (X = x2) = a.

degrees, which is important if it is based on user inputs, for example . .
extra trade-offs added to a Pareto ordering. 3 Pruning Domain Values at a Node forSOS

A soft constraints systens defined to be a tupléV, A, ®, <, C) Throughout this section we will be considering a given node, with
whereV is a set of variablesd is a set,® is a commutative and associated multiset of soft constrairsinvolving variablesU (the
associative binary operation ofy < is an irreflexive and transitive uninstantiated variables).

relation ond, andC’ is a multiset ofA-constraints. Precise pruning condition. [fforall « € D(U) extendingX = x

The general soft constraints optimisation problems. Let we havebest £ Cg(c) then we can prune valuefrom the domain
(V, A, ®, <, C) be a soft constraints system. A complete assignmenbf X, since no complete assignment below this node can have better
a € D(V) is said to beoptimalif there does not exist§ € D(V) preference degree than the current best preference dégsee,
with Cg(8) > Cg(a). We consider the following optimisation Given C andbest we say that pruningd = z is soundif for all
problems; for space reasons we will focus mainly on the first of thesex € D(U) extendingX = xz, we havebest £ Cg ().

with a brief discussion of the second in Section 6. Of course, testing this pruning condition exactly will typically be
(SOS): Single Optimal Solution Problerfind a complete assign- Very hard; we would like sufficient conditions.
menta € D(V') which is optimal. _ Sufficient conditions for pruning
(AOS): Find all complete assignmentssc D (V') which are op- ) ) ) ) ) ) )
timal. As mentioned in the introduction, this paper we will consider two

kinds of upper bounds, single upper bounds and set upper bounds.
This calls for a few formal preliminaries. Let be a pre-order o

(i.e. a reflexive and transitive relation):

The basic scheme for solving soft constraint optimsation problems We say thaupperis anupper bound functiomvith respect to

is a branch-and-bound tree search. For the Single Optimal Solution for variableX € U if Cg(a) < upper(z) for all elementse in

The structure of the tree search forSOS

problem we maintain a valukest € A which is the preference de- the domain ofX, and for alla € D(U) such that(X) = x.
gree of a best solution.s: found so far, so thaf's (apest) = best. e We say thaSetUpperis anupper bound set functiow.r.t. < for
We can initialise;.s: to be some arbitrary complete assignment. variableX € U if for all x € D(X) and for allaa € D(U)

3 Relation< being irreflexive means that for all € A, a £ a. Often an such thata(.X) = z, there exists: € SetUppefz) such that
y @ a. . .
ordering is expressed as a reflexive and transitive relagpwe can then C@(a) < r. (N(?te that the notion of upper bound set used in
define< to be the strict part oK so thatr < s if and only if r < s and this paper is similar to (though not exactly the same as) the lower
sAT. bound set defined in [5, 10].)



o For relationss and<’ on A we say thak is a weakening ofg’
(and<’ is stronger thax) if < C <’,i.e.,r < simpliesr <’ s.

e The lower bound relatior; associated witk: is the relation oA
defined byr x; s if and only if every lower bound of is a lower
bound ofs, i.e., forallt € A, [t < r = t < s]. Analogously we
definex, on A by r <, s if and only if every upper bound of
s is an upper bound of, i.e., forallt € A, [s < t = r < t].
Relationsx; and<,, are both pre-orders. Moreoveryif< s then
bothr <; sandr <. s.

o We say thatg respects® (or, equivalently, & is monotone over
<) if the following condition holds:
forallr,s,t € A,ifr<sthenr®t<s®t

() Pruning based on single upper bound. As in classical upper

bound based pruning, we could compute upper bounds with respeg?cm €D

to <. However, we can also use other pre-orderimstead, which
is important, for example, when is not monotone ovexk. The key
property we need o for pruning to be sound is that< s implies

that any lower bound af is a lower bound of; in other wordsx is

a weakening ok;.

Given pre-orderx which is a weakening o¥;, we generate an
upper bound functiompperfor X. For eache € D(X) we prune
x if best £ uppelz). If best £ uppelz) then pruningX = z is
sound giverC' andbest since for anyn € D(U) extendingX = z,
we haveCg(a) < uppel(z) which impliesbest £ Cg(a), since
best is not a lower bound ofipperx). An approach to generating
upper bound functions will be described in Section 4.

(1) Pruning based on upper bound set. As mentioned in the

during the search): we could modify the definition<dby restricting
the range ofu to take a current lower bound into account, and also
restrict the range of.

4 Generating an Upper Bound Function for a
Multiset of Generalised Constraints

As mentioned in the last section, for pruning at each node in the
branch-and-bound algorithm we require a method of generating up-
per bound functions. That is, we need to be able to solve the follow-
ing task.

Task A. Let ® be a commutative and associative operatiomion
and letx be a pre-order ol which respects. Let C' be a multiset
of A-constraints over variableS. Let X be a variable inU. For
(X) generataipper(z) € A such that for all complete
assignments with a(X) = «z,

&) c(a) < uppex(z).

ceC
Mini-buckets [4] is a powerful and flexible approach for propagation.
We describe an extended mini-buckets approach for generating an
upper bound function, by making use of a procedure implementing
the following task.

Task B (Approximate Variable Elimination). Let C be a multi-
set of A-constraints involving variabldd’, i.e.,\W = UCec Ve, and
let Y be a variable iV (the variable to be eliminated). Generate a
multiset of A-constraints, which we lab&'~Y, involving variables
W — {Y'}, such that for all assignmentsto W — {Y'} and all

introduction, pruning based on a single upper bound may be very € D(Y),

inefficient when< is partial. Given<, or more generally given any
pre-order which is a weakening of;, we generate an upper bound
set functionSetUpperfor X. For eachw € D(X) we prunez if for

all » € SetUppefz), best £ r, i.e., best is not worse than any
element ofSetUppe(z). Again, pruningX = z givenC andbest is
sound: consider any € D(U) extendingX = z, and letr be such
thatCg (o) < r, and saCq () i r. By assumptionbest £ r, and
hencebest £ Cg(a).

Generating appropriate relation < from < and ®

RecBy) s ® <),

ceC ceC—Y

whereC™Y is a singleton if W| < 2.
Solving TaskA given procedure for Task

Label the variables i/ as X, ..., X, whereX; = X; the idea is
to eliminate variables fronX,, to X> though approximate variable
elimination. LetC,, = C and suppose now for somes {2,...,n}
we have defined’; which only involves variable§ X, ..., X;}.
We will use a procedure implementing TaBkto generate”; 1 =

In Section 4 and 5, we propose a mini-bucket approach for generat,)~X: which therefore satisfies the following condition for any

ing upper bound functions and upper bound set functions. Like conassignments to variables{ X1, .
straint propagation algorithms and variable elimination techniques® o cBy) < ®
this requires a monotonicity property that is not assumed in the sof&v1 ‘

constraint framework, i.e., that respects.

Therefore, given commutative and associativen A and transi-
tive and irreflexive< on A we want to generate a pre-ordemwhich
respects® and is a weakening of; (because of the pruning condi-
tions described above).

Obviously, if < respectsg then we can use = <. More gener-
ally, given that4 contains a neutral eleménte can setg to be <
defined as follows: For, s € A, letr < s hold if and only if for all
t,u€e A [u<r®t=u< s®t]. Relation<dis then the strongest
relation which is a weakening ef; and respects.

Even if < respects, constructingd may give a stronger relation
than<, and hence cause stronger pruning.

Very often itis valid to use a stronger relatignn the upper bound
computations leading to more pruning (agdnay even be updated

4 Thatis, an elemenit € A suchthatforalk € A, a®1 = a. Itisn't really

restrictive to assume the existence of a neutral element since otherwise we

could artificially add one.

., X;—1tand ally € D(X;):

cec,_, ¢(B), whereC1 is a singleton. Write
as {c1}. Using induction, and the transitivity ok, we then
have: for allz € D(X1) anda € D(U) such thata(X,) = «z,

Qcco, (@) < Q.ep, ¢(x) = ci(z). This shows that, is an
upper bound function foX', hence solving solving TasK.

Solving TaskB

We use an algorithm of the following form to perform the approxi-
mate elimination of variabl® (TaskB).
If W] > 2 we do the following:

1. LetCy = {c € C : V. 2 Y} be the soft constraints that involve
variableY'. PartitionCy into G1,...,G» andforj =1,... . m,
let U; denote the set of variables involveddy (soU; contains
Y).

2. Foreacly = 1,...,m, generate a soft constraiait on variables

U; — {Y} such that for all3 € D(U; — {Y'}) andy € D(Y),

®.cq, c(By) < c;(B). Then we selC™Y = (C — Cy) U

{017. . 7Cm}.



If W] < 2weletC~Y = {c1}, wherec, is chosen to have scope pruning. It can be shown that the number of operations (applications

W — {Y} and so that for al € D(W — {Y}) andy € D(Y), of ® orub) to produce the upper function is then at mdstC | x |U|.
R .cc c(By) < c1(B). Alternatively, if d is the maximum domain size of any of the vari-

ables, we can choose the partitions in the mini-bucket elimination
zuch that we always hay&;| < L. In this case, the number of op-
rations is at most®|C| x |U].

Step 1: choosing a partition. We can use the usual mini-buckets
approach to choosing a partition. The basic idea is to limit the size o
the product domains associated with eéghsince the complexity is
linearly related to this. We can choose a partition such that &ach
has cardinality at most, for some constant (i.e., each mini-bucket 5 Generating an Upper Bound Set Function

involves at most. variables). For example, using = 2 leads to a

DAC-like propagation. A similar kind of approach, but which takes We describe here how one can generate an upper bound set function,
into account differing domain sizes for variables, is to choose conwhich can be used for pruning as described above in Section 3. Our
stantM and the partition such that we always halgU;)| < M. A method for generating an upper bound set function requiresthat
simple alternative is to choose ea@hto be a singleton, giving prop-  respectsz. Hence we want to solve the following task:

agation which is a little like forward checking. The other extreme is

to choose>1 = Cy, as used in exact variable elimination. Task A*. Let® be a commutative and associative operatiomion

and letx be a pre-order ol which respect. Let C' be a mul-

tiset of A-constraints ovel/. Let X be a variable inJ. For each

x € D(X) generateSetUppefz) C A such that for all complete
assignments: with a(X) = z, there exists: € SetUppefz) with

Step 2: generating the constraints:;:  For each3, we thus need
to compute; () such that, for each, ®C€G7 c(By) < ¢;(B). This
is managed by use of a procedure implementing Taslelow. The

case whenW| < 2 is managed similarly. ®.cocla) <7

TaskC. Forallh=1,...,kandi =1,...,lletrj bean element In the remainder of this section we assume thig a commutative
of A. Find an element of A such that foreach = 1,...,1,71 ®  and associative operation on sétand that< is a pre-order om
e @TE ST which respectss.

(In the context of Step Z = |G| andl = |D(Y)|.)
The following result, which is proved easily, shows that this Extending ® and < to subsets
achieves TasIB.

Proposition 1 With the above definitions, Tadk is achieved, i.e., Let A* = 2* be the set of all subsets of. Define relation* on
for all assignments3 € D(W — {Y}) and ally € D(Y), A” and operatiom®™* on A* as follows, whereR, S C A:
Recc ¢(BY) < Q.co—v c(B), whereC~Y is a singleton set if

W< — R <™ S holds if and only if for allr € R there exists € S with

r<s.
— R®"S={r®s:reR,seS}
Solving TaslC

We describe one approach for achieving Task et us assuniethat ~ Proposition 2 Let< be a pre-order omd which respects associative
we have access to two functions: firsti(-, -) returning an upper and commutative operatio®. Then, (i)<™ is a pre-order onA™;
bound of its two arguments so thats < ub(r, s); and secondly a (i) ®”" is an associative and commutative operation4h (jii) <™
functionubg (-, -) returning an upper bound of the product of its two respectsg™.
arguments so that® s < ubg(r, s). Very often we will just define
ubg (r, s) to ber @ s. However, below in Section 5 we deal with a
situa_tion where combinati_on can be expensive, so we then need @olving Task A* given method for solving TaskA
consider an upper approximation.

TaskC can clearly be implemented by repee_tted use of proc_edureéperation@* and relation<*
ubandubg. Foreach = 1,...,1, we applyk—1 times the operation

ubg to generate an upper boun(i) of r1 ® - -- @}, We then ap.ply be embedded ad*-constraints. For any € C definec* as fol-

[ — 1times the operationbto generate an upperibound of e?ﬁh)' lows: V.« = V,, so thatc* involves the same variables asfor
whlch, by transitivity of< is an upper bound of} ® --- ® r;, for a € D(V.), definec* (@) = {c(a)}. LetC* = {¢* : ¢ € O},

each. Suppose we have a general method for solving Tasfbased,
Complexity of propagation with single upper bounds ~ €:9-,0n t_he approach in Se_ction 4). Because of Proposition 2, we can
(solving Task A) apply this method to multisef™ of A*-constraints, operatiom™

) _ _ and relationg*, to achieve, forr € D(x), valueupper (z) € A*
The complexity of the procedure depends on the variables involvedych that for all complete assignmentsvith (X)) = z,

in the setsU;. We can choose a positive numb&f which is at ®’cow ¢ () < upper (z).

Ieas_t_as Ia_rge ajsD(_V?)| for everyc € C Then we can choose the  Now, Rice ¢ () is equal to{®... c(a)}. By definition,

partitions in the m|n|-bgcket elimination such tha_t we always have{®cec c(a)} <* upper(z) if and only if there existsr €

|D(U;)| < M. Increasing makes the computation more expen- upper (z) with @, c(a) < r, which shows thatipper is an

sive, but generates stronger propagation, potentially causing mokgyper bound set function foxt, hence solving Task*.

5 The existence of functionb clearly requires that any pair of elements in 1 NiS construction can be written another way. A solution to Task
A have an upper bound with respect£o However, if we do not have this ~ generates functionpperon D(X) given A, ®, <, C, X. We might

property than we can enforce it by adding an extra elerfietd A, with write such a solution aapperé’?;’f To solve TaskA* we define
a<xTforalae A. ’

restricted to singleton sets corre-
spond to® and <, respectively. Because of thigd-constraints can

SetUppetto beupper. 'S <.



Implementing basic upper bound functionsh We can then use the method of Section 4 to generate an upper

) ) ) bound functionupperfor the node, and prune domain elemerit
The construction described above leads to a method for solving Taskere existss ¢ BestSetvith upper(z) < s. Alternatively, we can

A” since we can apply the mini-buckets method from Section 4, fof,ge the method of Section 5 to generate an upper bound set function
solving TaskA via Task B and TaskC'. However, the method for SetUpperand pruner if for all » € SetUppefz), there existss €

solving TaskC' will involve (for this A* system) use of basic upper pgestSewith r < s, i.e., each element @etUppefz) is worse than
bound functions, that we callb® andubg+, which, for anyR, S C some element dBestSet

A, must satisfy R, S <™ ub”(R, 5), so thatR U S <™ ub™(R, 5); It is also easy to amend the approach to genératptimal solu-
andR ®" § <" ubg-(R,5), i.e, forallr € Rands € Sthere  ong(x0s)
existst € ubg- (R, S) suchthat ® s < ¢.

We are assuming operation ub @nThe main issue in implement-
ing ub® andubg -+ is to prevent the upper bound sétecoming too
large. We could, in particular, choose some fi¥éd> 1 and ensure In this paper we consider a very general framework for soft con-
thatif |R|, |S| < K then neitheub* (R, S) norubg- (R, S) contain  straints, making very weak assumptions on the preference combi-
more thank elements, which will mean that every computed uppernation function and on the ordering. The main contributions of the
bound setk has cardinality at mogk’. We give one approach of this paper are
kind below.

7 Summary

— demonstrating that a mini-buckets style approach can be used in a
Implementing ub®. The idea is to incrementally add elements branch-and-bognd algorithm for optimisation for any instance of
of S to R; if an element in the current set is found to be worse the soft constraints framework;

than another element then we can delete it. Otherwise we replace Showing how one can also use this kind of approach in a branch-
a pair of elements by an upper bound of them. We use a function @nd-bound algorithm which involves propagatiorupper bound

AddElemen(R, s) which produces an upper bound set forJ {s}
of cardinality at mostK, whereR C A ands € A. We set
AddElemen(R, s) := R if there existsr € R with s < r. Oth-
erwise, if7 = {r € R : r < s} is non-empty ofR| < K, we set
AddElemerttR, s) := (RU{s}) —T. Otherwise ifl’ = § and|R| =
K then we choose two arbitrary elementsandr; of R U {s} and

sets enabling stronger pruning.

The extended mini-buckets approach allows the degree of propaga-
tion to be tailored to the problem: choosing either weak propagation
at a node (with smaller mini-buckets bounds(or L), and small up-

per bound sets, i.e., smail), or stronger but more expensive propa-
gation.

setAddElemer(R, s) to be((RU {s}) — {r1,r2}) U {ub(r1,r2)}.
(For formalisms in which tests < s are relatively expensive, we
could instead defin@ using an incomplete check.)

We now defineub* as follows: setub*(R,?) := R. For S # (1]
() we choose any arbitrary elementof S and letub*(R, S) be

AddElemer(ub (R, S — {s}), s). 2]

Implementing ubg~. We setubg«(R,?) := (. For non-empty
S we choose an arbitrary elemesitof S and setubg« (R, S) = 3]
ub® (ubg- (R, S — {s}), R®" {s}).

(4]

(5]
The complexity of propagation using an upper bound set function
is similar to that based on an upper bound function, except with an[G]
extra (multiplicative) factor depending dd. We need no more than
K?M|C| x |U| applications of each ab andub, and no more than  [7]
2K®M|C| x |U| ordering tests of the form < s. This perhaps
suggests using a fairly small value &f (e.g.,2,3,4,...)—even a (8]
two-element upper bound sk (= 2) can sometimes cause much [9]
stronger pruning than the single upper boudd & 1). In some
formalisms, ordering tests can be much cheaper than the operatior#9]
and so thek? term will then dominate whe is small.

Complexity of solving Task A*

[11]
6 Finding All Optimal Solutions (AOS)Problem

The approach we use for solving this problem is very similar to thg12]
Single Optimal Solutions problem. Instead of a single elenent
we maintain a subsé@estSebf A which is the current set of best 13]
preference degrees of complete assignments found so far. Again trhs
only gets updated at leaf nod@&estSeits initialised to the empty set.

For pruning at a node we make use of a pre-ogderhich respects
® and is a weakening &f,, defined in Section 3. In particular, (given
a neutral element) we could use relatign= <’ given byr <’ s if
andonlyifforallt,u € A, [s®@t<u=1r&t < u].
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