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Abstract. The handling of partially ordered degrees of preference
can be important for constraint-based languages, especially when
there is more than one criterion that we are interested in optimising.
This paper describes branch and bound algorithms for a very general
class of soft constraint optimisation problems. At each node of the
search tree, a propagation mechanism is applied which generates an
upper bound (since we are maximising) of the preference degrees of
all complete assignments below the node. We show how this prop-
agation can be achieved using an extended mini-buckets algorithm.
However, since the degrees of preference ordering are only partially
ordered, such an upper bound can be very uninformative, and so it
can be desirable to instead generate an upper boundset, which con-
tains an upper bound for the degree of preference for each complete
assignment below the node. It is shown how such propagation can
also be achieved using this extended mini-buckets approach.

1 Introduction

Degrees of preference can be partially ordered in many situations,
especially where there is more than one criterion we are interested in
optimising. For example, consider a situation where we are trying to
optimise two criteria such as time and money.(−3, 4) might mean
that the choices imply that the job will take3 days and lead to a
net gain of4K euros. A common standard ordering is the Pareto
ordering: so that(a1, a2) ≤ (b1, b2) if and only if a1 ≤ b1 anda2 ≤
b2. However, the Pareto ordering often seems excessively weak. A
natural way to remedy this is to add trade-offs. For example, the user
might indicate that they prefer(−5, 6) to (−4, 1). We can then define
a new ordering by adding a set of such extra trade-offs to the Pareto
ordering, and generating its transitive closure.

In a system of soft constraints based on partially ordered prefer-
ences, each soft constraint evaluates a solution by a degree of pref-
erence taken on a partially ordered scale(A, <) (the highera w.r.t.
<, the better). The global evaluation of the solution is obtained by
the combination of the individual degrees, and the aim is typically to
find a solution which is optimal (i.e. maximal) with respect to<.

The basic scheme for obtaining such solutions is a branch-and-
bound tree search; at each node, some form of propagation is used
to generate upper bound information (since we are maximising) re-
garding all the complete assignments extending the partial assign-
ment associated with the node. This is compared with the current
best complete assignment; if no such complete assignment can be
better than our current best solution then we can backtrack.
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However, when a partial order< is used, an upper bound can be
very uninformative, since the requirement of a unique covering value
can easily generate a very high element as an upper bound. For in-
stance, consider a situation where we are trying to find a single op-
timal solution with respect to a Pareto ordering; suppose the current
best assignment has preference degree(−3, 4), and we find that ev-
ery complete assignment extending the current partial assignment ei-
ther has preference degree no better than(−6, 6), or no better than
(−1, 1). Then exploring this subtree has no benefit since the cur-
rent degree of(−3, 4) cannot be beaten. However, if we use a single
upper bound then this upper bound is at least(−1, 6), which is bet-
ter than(−3, 4), and so doesn’t justify backtracking; we would then
need to explore the subtree, perhaps having to do exponential amount
of work (we might even need to instantiate every variable). But if we
instead keep a set of two upper bounds{(−6, 6), (−1, 1)}, meaning
that each complete assignment has preference degree either no better
than(−6, 6), or no better than(−1, 1), then this gives us enough in-
formation to backtrack at this node. Clearly, keeping such anupper
bound setcan sometimes enable much stronger pruning.

In Section 2 we define a framework for soft constraint optimisation
problems; we consider a very general definition of soft constraints;
in particular, it is very much more general than semiring-based con-
straints [3], and enables us to make use of user-defined orderings of
degrees of preference, for example, adding extra tradeoffs to a Pareto
ordering may well lose nice properties such as being a distributive
lattice or monotonicity, so we do not assume these. Also in Section 2
we describe the structure of the branch-and bound algorithm. Section
3 describes the approach to pruning domain elements when we are
interested in finding a single optimal solution. This involves use of a
propagation to generate upper bounds or upper bound sets. Section
4 describes an extended mini-buckets [4] approach for generating an
upper bound. Section 5 shows how this approach can be extended
to generate upper bound sets. Section 6 considers other optimisation
tasks, and Section 7 discusses extensions.

Related work

There is a growing literature on soft constraints based on partially
ordered preferences, and related optimisation techniques. The soft
constraints framework explored in this paper is somewhat similar in
structure to semiring-based CSPs [3], though is much more general.
A general propagation framework for semiring-based CSPs have
been derived in [3, 2, 1], but mini-buckets propagation has not been
explicitly considered, nor has the use of upper bound sets. However,
the use of mini-buckets and a kind of upper bound set has been devel-
oped by Rolĺon and Larrosa [10] (see also [5, 12, 11]) for the special
case of multiobjective weighted constraint optimisation.

Junker [8, 9] considers multi-criteria optimisation, which corre-



sponds to situations in our framework where the setA of preference
degrees has a combinatorial structure. Particular orderings are con-
sidered including lexicographic and Pareto orderings. [6, 7] also deal
with multi-criteria optimisation especially for the Pareto ordering;
[13] consider a soft constraint approach to Pareto optimisation.

2 Branch-and-Bound Tree Search for General Soft
Constraint Optimisation

Let ⊗ be a commutative and associative operation on a setA. The
elements ofA will be interpreted as degrees of preference and com-
pared using a transitive and irreflexive relation3 We define≤ in the
obvious way:r ≤ s if and only if eitherr < s or r = s.

Let V be a set of variables. ForX ∈ V let D(X), the domain
of X, be the set of possible value ofX. For U ⊆ V , defineD(U),
the domain ofU to be

∏
X∈U D(X). (An element ofD(U) is for-

mally a function onU which mapsX ∈ U to an element ofD(X).)
Elements ofD(V ) will be referred to ascomplete assignments.

An A-constraint(also called asoft constraint) has an associated
set of variablesVc, known as itsscope. c is a function fromD(Vc)
to A. If α ∈ D(U) whereU ⊇ d(Vc), then we usec(α) as an ab-
breviation ofc(α↓Vc), whereα↓Vc is the projection (i.e., restriction)
of α to Vc. For α ∈ D(Vc), the valuec(α) is intended to repre-
sent a benefit or cost (or more general preference degree) associated
with this soft constraint, when tupleα is chosen. The operation⊗ is
used to combine preference degrees and it enables us to combine soft
constraints. The combinationC⊗ of C is given by, forα ∈ D(V ),
C⊗(α) =

⊗
c∈C c(α). Its scopeVC⊗ equals

⋃
c∈C Vc.

A soft constraint (as defined here) is more general than a c-
semiring-based constraint [3]. The neutral element (if it exists) is not
required to be the top of the scaleA (so, that both costs and benefits
can be represented) and the usual kind of monotonicity property for
⊗ is not assumed. This allows flexibility in the ordering of preference
degrees, which is important if it is based on user inputs, for example,
extra trade-offs added to a Pareto ordering.

A soft constraints systemis defined to be a tuple〈V, A,⊗, <, C〉
whereV is a set of variables,A is a set,⊗ is a commutative and
associative binary operation onA, < is an irreflexive and transitive
relation onA, andC is a multiset ofA-constraints.

The general soft constraints optimisation problems. Let
〈V, A,⊗, <, C〉 be a soft constraints system. A complete assignment
α ∈ D(V ) is said to beoptimal if there does not existsβ ∈ D(V )
with C⊗(β) > C⊗(α). We consider the following optimisation
problems; for space reasons we will focus mainly on the first of these,
with a brief discussion of the second in Section 6.

(SOS): Single Optimal Solution Problem.Find a complete assign-
mentα ∈ D(V ) which is optimal.
(AOS): Find all complete assignmentsα ∈ D(V ) which are op-
timal.

The structure of the tree search forSOS

The basic scheme for solving soft constraint optimsation problems
is a branch-and-bound tree search. For the Single Optimal Solution
problem we maintain a valuebest ∈ A which is the preference de-
gree of a best solutionαbest found so far, so thatC⊗(αbest) = best .
We can initialiseαbest to be some arbitrary complete assignment.

3 Relation< being irreflexive means that for alla ∈ A, a 6< a. Often an
ordering is expressed as a reflexive and transitive relation4; we can then
define< to be the strict part of4 so thatr < s if and only if r 4 s and
s 64 r.

To each node in the search tree is associated a set of variables
which have been assigned (in ancestors of the node), along with the
associated assignment to those variables. Theroot nodehas associ-
ated set of variables∅. We say that a node is aleaf nodeif its asso-
ciated assignment is a complete assignment, and so involves all the
variables.

When we create a nodeN which is not a leaf node, we choose a
variableX to assign next, and choose an elementx of its domain; on
backtracking we choose another value ofX; when there are no re-
maining values ofX to choose, we backtrack (up to its parent node).
The search finishes on backtracking from the root node.

When we consider valuex of variableX we first check ifx will
be pruned (see Section 3); if so, we move onto the next value ofX.
If we cannot prunex then we generate (and move down to) a new
node (a child of the current node) associated with the previous set of
assignments plus assignmentX = x.

Behaviour at leaf nodes: Consider a leaf node with associated
complete assignmentα. Let t be the preference degree ofα, i.e.,
t = C⊗(α). If t > best , we setbest := t and setαbest := α.
Otherwise we leavebest andαbest unchanged. In either case we then
backtrack to its parent node.

Associated with each node is a sub-problem: the original collec-
tion of soft constraints (partially) instantiated with the assignment
associated with a node. More explicitly, letU be the set of uninstan-
tiated variables, and letθ be the assignment ofV − U associated
with the node. Each soft constraintc generates a soft constraint by
instantiating withθ and only considering variablesU . That is, from
c we generate constraintcθ with scopeVcθ = U ∩ Vc defined by
for β ∈ D(U ∩ Vc), cθ(β) = c(θβ). For example, supposec has
scope{X, Y, Z} and allocates preference degreea to assignment
(X = x2, Y = y1, Z = z2). If θ assignsY = y1 andZ = z2 then
cθ(X = x2) = a.

3 Pruning Domain Values at a Node forSOS

Throughout this section we will be considering a given node, with
associated multiset of soft constraintsC involving variablesU (the
uninstantiated variables).

Precise pruning condition. If for all α ∈ D(U) extendingX = x
we havebest 6< C⊗(α) then we can prune valuex from the domain
of X, since no complete assignment below this node can have better
preference degree than the current best preference degree,best .

GivenC andbest we say that pruningX = x is soundif for all
α ∈ D(U) extendingX = x, we havebest 6< C⊗(α).

Of course, testing this pruning condition exactly will typically be
very hard; we would like sufficient conditions.

Sufficient conditions for pruning

As mentioned in the introduction, this paper we will consider two
kinds of upper bounds, single upper bounds and set upper bounds.
This calls for a few formal preliminaries. Let4 be a pre-order onA
(i.e. a reflexive and transitive relation):
• We say thatupper is anupper bound functionwith respect to4

for variableX ∈ U if C⊗(α) 4 upper(x) for all elementsx in
the domain ofX, and for allα ∈ D(U) such thatα(X) = x.

• We say thatSetUpperis anupper bound set functionw.r.t. 4 for
variableX ∈ U if for all x ∈ D(X) and for allα ∈ D(U)
such thatα(X) = x, there existsr ∈ SetUpper(x) such that
C⊗(α) 4 r. (Note that the notion of upper bound set used in
this paper is similar to (though not exactly the same as) the lower
bound set defined in [5, 10].)



• For relations4 and4′ on A we say that4 is a weakening of4′

(and4′ is stronger than4) if 4 ⊆ 4′, i.e.,r 4 s impliesr 4′ s.
• The lower bound relation4l associated with< is the relation onA

defined byr 4l s if and only if every lower bound ofr is a lower
bound ofs, i.e., for allt ∈ A, [t < r ⇒ t < s]. Analogously we
define4u on A by r 4u s if and only if every upper bound of
s is an upper bound ofr, i.e., for all t ∈ A, [s < t ⇒ r < t].
Relations4l and4u are both pre-orders. Moreover, ifr < s then
bothr 4l s andr 4u s.

• We say that4 respects⊗ (or, equivalently, “⊗ is monotone over
4”) if the following condition holds:
for all r, s, t ∈ A, if r 4 s thenr ⊗ t 4 s⊗ t

(I) Pruning based on single upper bound. As in classical upper
bound based pruning, we could compute upper bounds with respect
to ≤. However, we can also use other pre-orders4 instead, which
is important, for example, when⊗ is not monotone over≤. The key
property we need on4 for pruning to be sound is thatr 4 s implies
that any lower bound ofr is a lower bound ofs; in other words:4 is
a weakening of4l.

Given pre-order4 which is a weakening of4l, we generate an
upper bound functionupper for X. For eachx ∈ D(X) we prune
x if best 6< upper(x). If best 6< upper(x) then pruningX = x is
sound givenC andbest since for anyα ∈ D(U) extendingX = x,
we haveC⊗(α) 4 upper(x) which impliesbest 6< C⊗(α), since
best is not a lower bound ofupper(x). An approach to generating
upper bound functions will be described in Section 4.

(II) Pruning based on upper bound set. As mentioned in the
introduction, pruning based on a single upper bound may be very
inefficient when< is partial. Given≤, or more generally given any
pre-order4 which is a weakening of4l, we generate an upper bound
set functionSetUpperfor X. For eachx ∈ D(X) we prunex if for
all r ∈ SetUpper(x), best 6< r, i.e., best is not worse than any
element ofSetUpper(x). Again, pruningX = x givenC andbest is
sound: consider anyα ∈ D(U) extendingX = x, and letr be such
thatC⊗(α) 4 r, and soC⊗(α) 4l r. By assumption,best 6< r, and
hencebest 6< C⊗(α).

Generating appropriate relation 4 from < and⊗
In Section 4 and 5, we propose a mini-bucket approach for generat-
ing upper bound functions and upper bound set functions. Like con-
straint propagation algorithms and variable elimination techniques,
this requires a monotonicity property that is not assumed in the soft
constraint framework, i.e., that4 respects⊗.

Therefore, given commutative and associative⊗ on A and transi-
tive and irreflexive< onA we want to generate a pre-order4 which
respects⊗ and is a weakening of4l (because of the pruning condi-
tions described above).

Obviously, if≤ respects⊗ then we can use4 = ≤. More gener-
ally, given thatA contains a neutral element4 we can set4 to be�

defined as follows: Forr, s ∈ A, let r � s hold if and only if for all
t, u ∈ A, [u < r⊗ t ⇒ u < s⊗ t]. Relation� is then the strongest
relation which is a weakening of4l and respects⊗.

Even if≤ respects⊗, constructing� may give a stronger relation
than≤, and hence cause stronger pruning.

Very often it is valid to use a stronger relation4 in the upper bound
computations leading to more pruning (and4 may even be updated

4 That is, an element1 ∈ A such that for alla ∈ A, a⊗1 = a. It isn’t really
restrictive to assume the existence of a neutral element since otherwise we
could artificially add one.

during the search): we could modify the definition of� by restricting
the range ofu to take a current lower bound into account, and also
restrict the range oft.

4 Generating an Upper Bound Function for a
Multiset of Generalised Constraints

As mentioned in the last section, for pruning at each node in the
branch-and-bound algorithm we require a method of generating up-
per bound functions. That is, we need to be able to solve the follow-
ing task.

Task A. Let⊗ be a commutative and associative operation onA,
and let4 be a pre-order onA which respects⊗. Let C be a multiset
of A-constraints over variablesU . Let X be a variable inU . For
eachx ∈ D(X) generateupper(x) ∈ A such that for all complete
assignmentsα with α(X) = x,⊗

c∈C

c(α) 4 upper(x).

Mini-buckets [4] is a powerful and flexible approach for propagation.
We describe an extended mini-buckets approach for generating an
upper bound function, by making use of a procedure implementing
the following task.

Task B (Approximate Variable Elimination). Let C be a multi-
set ofA-constraints involving variablesW , i.e.,W =

⋃
c∈C Vc, and

let Y be a variable inW (the variable to be eliminated). Generate a
multiset ofA-constraints, which we labelC−Y , involving variables
W − {Y }, such that for all assignmentsβ to W − {Y } and all
y ∈ D(Y ), ⊗

c∈C

c(βy) 4
⊗

c∈C−Y

c(β),

whereC−Y is a singleton if|W | ≤ 2.

Solving TaskA given procedure for TaskB

Label the variables inU asX1, . . . , Xn whereX1 = X; the idea is
to eliminate variables fromXn to X2 though approximate variable
elimination. LetCn = C and suppose now for somei ∈ {2, . . . , n}
we have definedCi which only involves variables{X1, . . . , Xi}.
We will use a procedure implementing TaskB to generateCi−1 =
(Ci)

−Xi which therefore satisfies the following condition for any
assignmentβ to variables{X1, . . . , Xi−1} and all y ∈ D(Xi):⊗

c∈Ci
c(βy) 4

⊗
c∈Ci−1

c(β), whereC1 is a singleton. Write

C1 as {c1}. Using induction, and the transitivity of4, we then
have: for allx ∈ D(X1) andα ∈ D(U) such thatα(X1) = x,⊗

c∈Cn
c(α) 4

⊗
c∈C1

c(x) = c1(x). This shows thatc1 is an
upper bound function forX, hence solving solving TaskA.

Solving TaskB

We use an algorithm of the following form to perform the approxi-
mate elimination of variableY (TaskB).

If |W | > 2 we do the following:

1. LetCY = {c ∈ C : Vc 3 Y } be the soft constraints that involve
variableY . PartitionCY into G1, . . . , Gm and forj = 1, . . . , m,
let Uj denote the set of variables involved inGj (soUj contains
Y ).

2. For eachj = 1, . . . , m, generate a soft constraintcj on variables
Uj − {Y } such that for allβ ∈ D(Uj − {Y }) andy ∈ D(Y ),⊗

c∈Gj
c(βy) 4 cj(β). Then we setC−Y = (C − CY ) ∪

{c1, . . . , cm}.



If |W | ≤ 2 we letC−Y = {c1}, wherec1 is chosen to have scope
W − {Y } and so that for allβ ∈ D(W − {Y }) andy ∈ D(Y ),⊗

c∈C c(βy) 4 c1(β).

Step 1: choosing a partition. We can use the usual mini-buckets
approach to choosing a partition. The basic idea is to limit the size of
the product domains associated with eachGj since the complexity is
linearly related to this. We can choose a partition such that eachUj

has cardinality at mostL, for some constantL (i.e., each mini-bucket
involves at mostL variables). For example, usingL = 2 leads to a
DAC-like propagation. A similar kind of approach, but which takes
into account differing domain sizes for variables, is to choose con-
stantM and the partition such that we always have|D(Uj)| ≤ M . A
simple alternative is to choose eachGj to be a singleton, giving prop-
agation which is a little like forward checking. The other extreme is
to chooseG1 = CY , as used in exact variable elimination.

Step 2: generating the constraintscj : For eachβ, we thus need
to computecj(β) such that, for eachy,

⊗
c∈Gj

c(βy) 4 cj(β). This
is managed by use of a procedure implementing TaskC below. The
case when|W | ≤ 2 is managed similarly.

TaskC. For allh = 1, . . . , k andi = 1, . . . , l let ri
h be an element

of A. Find an elementr of A such that for eachi = 1, . . . , l, ri
1 ⊗

· · · ⊗ ri
k 4 r.

(In the context of Step 2,k = |Gj | andl = |D(Y )|.)
The following result, which is proved easily, shows that this

achieves TaskB.

Proposition 1 With the above definitions, TaskB is achieved, i.e.,
for all assignmentsβ ∈ D(W − {Y }) and all y ∈ D(Y ),⊗

c∈C c(βy) 4
⊗

c∈C−Y c(β), whereC−Y is a singleton set if
|W | ≤ 2.

Solving TaskC

We describe one approach for achieving TaskC. Let us assume5 that
we have access to two functions: firstlyub(·, ·) returning an upper
bound of its two arguments so thatr, s 4 ub(r, s); and secondly a
functionub⊗(·, ·) returning an upper bound of the product of its two
arguments so thatr ⊗ s 4 ub⊗(r, s). Very often we will just define
ub⊗(r, s) to ber ⊗ s. However, below in Section 5 we deal with a
situation where combination can be expensive, so we then need to
consider an upper approximation.

TaskC can clearly be implemented by repeated use of procedures
ubandub⊗. For eachi = 1, . . . , l, we applyk−1 times the operation
ub⊗ to generate an upper boundr(i) of ri

1⊗· · ·⊗ ri
k. We then apply

l− 1 times the operationub to generate an upper bound of eachr(i),
which, by transitivity of4 is an upper bound ofri

1 ⊗ · · · ⊗ ri
k for

eachi.

Complexity of propagation with single upper bounds
(solving TaskA)

The complexity of the procedure depends on the variables involved
in the setsUj . We can choose a positive numberM which is at
least as large as|D(Vc)| for everyc ∈ C. Then we can choose the
partitions in the mini-bucket elimination such that we always have
|D(Uj)| ≤ M . IncreasingM makes the computation more expen-
sive, but generates stronger propagation, potentially causing more

5 The existence of functionub clearly requires that any pair of elements in
A have an upper bound with respect to4. However, if we do not have this
property than we can enforce it by adding an extra element> to A, with
a 4 > for all a ∈ A.

pruning. It can be shown that the number of operations (applications
of⊗ or ub) to produce the upper function is then at mostM |C|×|U |.

Alternatively, if d is the maximum domain size of any of the vari-
ables, we can choose the partitions in the mini-bucket elimination
such that we always have|Uj | ≤ L. In this case, the number of op-
erations is at mostdL|C| × |U |.

5 Generating an Upper Bound Set Function

We describe here how one can generate an upper bound set function,
which can be used for pruning as described above in Section 3. Our
method for generating an upper bound set function requires that4
respects⊗. Hence we want to solve the following task:

Task A∗. Let⊗ be a commutative and associative operation onA
and let4 be a pre-order onA which respects⊗. Let C be a mul-
tiset of A-constraints overU . Let X be a variable inU . For each
x ∈ D(X) generateSetUpper(x) ⊆ A such that for all complete
assignmentsα with α(X) = x, there existsr ∈ SetUpper(x) with⊗

c∈C c(α) 4 r.

In the remainder of this section we assume that⊗ is a commutative
and associative operation on setA and that4 is a pre-order onA
which respects⊗.

Extending⊗ and 4 to subsets

Let A∗ = 2A be the set of all subsets ofA. Define relation4∗ on
A∗ and operation⊗∗ onA∗ as follows, whereR, S ⊆ A:

— R 4∗ S holds if and only if for allr ∈ R there existss ∈ S with
r 4 s.

— R⊗∗ S = {r ⊗ s : r ∈ R, s ∈ S}.

Proposition 2 Let4 be a pre-order onA which respects associative
and commutative operation⊗. Then, (i)4∗ is a pre-order onA∗;
(ii) ⊗∗ is an associative and commutative operation onA∗; (iii) 4∗

respects⊗∗.

Solving TaskA∗ given method for solving TaskA

Operation⊗∗ and relation4∗ restricted to singleton sets corre-
spond to⊗ and4, respectively. Because of this,A-constraints can
be embedded asA∗-constraints. For anyc ∈ C definec∗ as fol-
lows: Vc∗ = Vc, so thatc∗ involves the same variables asc; for
α ∈ D(Vc∗), definec∗(α) = {c(α)}. Let C∗ = {c∗ : c ∈ C}.

Suppose we have a general method for solving TaskA (based,
e.g., on the approach in Section 4). Because of Proposition 2, we can
apply this method to multisetC∗ of A∗-constraints, operation⊗∗

and relation4∗, to achieve, forx ∈ D(x), valueupper∗(x) ∈ A∗

such that for all complete assignmentsα with α(X) = x,⊗∗
c∗∈C∗ c∗(α) 4∗ upper∗(x).

Now,
⊗∗

c∗∈C∗ c∗(α) is equal to{
⊗

c∈C c(α)}. By definition,
{
⊗

c∈C c(α)} 4∗ upper∗(x) if and only if there existsr ∈
upper∗(x) with

⊗
c∈C c(α) 4 r, which shows thatupper∗ is an

upper bound set function forX, hence solving TaskA∗.
This construction can be written another way. A solution to TaskA

generates functionupperonD(X) givenA, ⊗, 4, C, X. We might
write such a solution asupperA,⊗,4

C,X . To solve TaskA∗ we define

SetUpperto beupperA
∗,⊗∗,4∗

C∗,X .



Implementing basic upper bound functions onA∗

The construction described above leads to a method for solving Task
A∗ since we can apply the mini-buckets method from Section 4, for
solving TaskA via TaskB and TaskC. However, the method for
solving TaskC will involve (for this A∗ system) use of basic upper
bound functions, that we callub∗ andub⊗∗ , which, for anyR, S ⊆
A, must satisfy:R, S 4∗ ub∗(R, S), so thatR ∪ S 4∗ ub∗(R, S);
andR ⊗∗ S 4∗ ub⊗∗(R, S), i.e., for all r ∈ R ands ∈ S there
existst ∈ ub⊗∗(R, S) such thatr ⊗ s 4 t.

We are assuming operation ub onA. The main issue in implement-
ing ub∗ andub⊗∗ is to prevent the upper bound setsR becoming too
large. We could, in particular, choose some fixedK ≥ 1 and ensure
that if |R|, |S| ≤ K then neitherub∗(R, S) norub⊗∗(R, S) contain
more thanK elements, which will mean that every computed upper
bound setR has cardinality at mostK. We give one approach of this
kind below.

Implementing ub∗. The idea is to incrementally add elements
of S to R; if an element in the current set is found to be worse
than another element then we can delete it. Otherwise we replace
a pair of elements by an upper bound of them. We use a function
AddElement(R, s) which produces an upper bound set forR ∪ {s}
of cardinality at mostK, where R ⊆ A and s ∈ A. We set
AddElement(R, s) := R if there existsr ∈ R with s 4 r. Oth-
erwise, ifT = {r ∈ R : r 4 s} is non-empty or|R| < K, we set
AddElement(R, s) := (R∪{s})−T . Otherwise ifT = ∅ and|R| =
K then we choose two arbitrary elementsr1 andr2 of R ∪ {s} and
setAddElement(R, s) to be((R ∪ {s})− {r1, r2}) ∪ {ub(r1, r2)}.
(For formalisms in which testsr 4 s are relatively expensive, we
could instead defineT using an incomplete check.)

We now defineub∗ as follows: setub∗(R, ∅) := R. For S 6=
∅ we choose any arbitrary elements of S and let ub∗(R, S) be
AddElement(ub∗(R, S − {s}), s).

Implementing ub⊗∗ . We setub⊗∗(R, ∅) := ∅. For non-empty
S we choose an arbitrary elements of S and setub⊗∗(R, S) :=
ub∗(ub⊗∗(R, S − {s}), R⊗∗ {s}).

Complexity of solving TaskA∗

The complexity of propagation using an upper bound set function
is similar to that based on an upper bound function, except with an
extra (multiplicative) factor depending onK. We need no more than
K2M |C| × |U | applications of each of⊗ andub, and no more than
2K3M |C| × |U | ordering tests of the formr 4 s. This perhaps
suggests using a fairly small value ofK (e.g.,2, 3, 4, . . .)—even a
two-element upper bound set (K = 2) can sometimes cause much
stronger pruning than the single upper bound (K = 1). In some
formalisms, ordering tests can be much cheaper than the operations,
and so theK2 term will then dominate whenK is small.

6 Finding All Optimal Solutions (AOS)Problem

The approach we use for solving this problem is very similar to the
Single Optimal Solutions problem. Instead of a single elementbest
we maintain a subsetBestSetof A which is the current set of best
preference degrees of complete assignments found so far. Again this
only gets updated at leaf nodes.BestSetis initialised to the empty set.

For pruning at a node we make use of a pre-order4 which respects
⊗ and is a weakening of4u defined in Section 3. In particular, (given
a neutral element) we could use relation4 = �′ given byr �′ s if
and only if for allt, u ∈ A, [s⊗ t < u ⇒ r ⊗ t < u].

We can then use the method of Section 4 to generate an upper
bound functionupper for the node, and prune domain elementx if
there existss ∈ BestSetwith upper(x) < s. Alternatively, we can
use the method of Section 5 to generate an upper bound set function
SetUpperand prunex if for all r ∈ SetUpper(x), there existss ∈
BestSetwith r < s, i.e., each element ofSetUpper(x) is worse than
some element ofBestSet.

It is also easy to amend the approach to generatek optimal solu-
tions(kOS).

7 Summary

In this paper we consider a very general framework for soft con-
straints, making very weak assumptions on the preference combi-
nation function and on the ordering. The main contributions of the
paper are

— demonstrating that a mini-buckets style approach can be used in a
branch-and-bound algorithm for optimisation for any instance of
the soft constraints framework;

— showing how one can also use this kind of approach in a branch-
and-bound algorithm which involves propagation ofupper bound
sets, enabling stronger pruning.

The extended mini-buckets approach allows the degree of propaga-
tion to be tailored to the problem: choosing either weak propagation
at a node (with smaller mini-buckets boundsM (or L), and small up-
per bound sets, i.e., smallK), or stronger but more expensive propa-
gation.
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