Uniform interpolation by resolution in modal logic
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Abstract. The problem of computing a uniform interpolant of a
given formula on a sublanguage is known in Artificial Intelligence
as variable forgetting. In propositional logic, there are well known
methods for performing variable forgetting. Variable forgetting is
more involved in modal logics, because one must forget a variable
not in one world, but in several worlds. It has been shown that modal
logic K has the uniform interpolation property, and a method has re-
cently been proposed for forgetting variables in a modal formula (of
mu-calculus) given in disjunctive normal form. However, there are
cases where information comes naturally in a more conjunctive form.
In this paper, we propose a method, based on an extension of reso-
lution to modal logics, to perform variable forgetting for formulae in
conjunctive normal form, in the modal logic K.

1 Introduction

An interpolant of logical formulae ¢ and v such that ¢ |= 1 in a logic
L is a formula x that contains only variables that appear in both ¢
and 1, and such that ¢ = x and x |= . A uniform interpolant of
¢ with respect to a sublanguage L’ of the language of ¢ is a formula
X € L entailed by ¢ that can act as an interpolant for any ¢ € £’:
if ¢ = 1, then x |= 1. In other words, x behaves like ¢ when £’ is
concerned, in the sense that v has the same £’-logical consequences
as ¢ [4].

When the language £’ is defined as the set of formulae that contain
no variable of a given set P, the problem of computing a uniform
interpolant of ¢ on £’ is known in Artificial Intelligence as variable
forgetting. In propositional logic, there are well known methods for
performing variable forgetting [8, 9].

Variable forgetting is more involved in modal logics, because one
must forget a variable not in one world, but in several worlds. It has
been shown that modal logic K has the uniform interpolation prop-
erty [11, 6] (examples of logics that do not have the uniform interpo-
lation property include classical first order logic and S4 [7]).

[4] propose a simple method for forgetting variables in a modal
formula (of u-calculus) given in disjunctive normal form. However,
there are cases where information comes naturally in a more conjunc-
tive form. In this paper, we propose a method, based on an extension
of resolution to modal logics, to perform variable forgetting for for-
mulae in conjunctive normal form, in the modal logic K.

In the next section, we briefly recall the syntax and semantics of
K, and the definitions of disjunctive and conjunctive normal forms
in this logic. In section 3, we recall Enjalbert and Farifias’ resolution
system for K. In section 4, we explain how their resolution system
can be used to perform variable forgetting in that logic.
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2 Thelogic K

The language of K, over a set of propositional variables P, is the
smallest set £ of formulae that contains P and is closed under con-
junction A, negation — and necessity 0.

A pointed model for K is a tuple m = (W, R, I, w), where W is
a non-empty set, R is a binary relation over W, I assigns to every
p € P and every w’ € W a value I(p, w’) € {true, false}.

Satisfaction of formula ¢ by model m = (W, R, I, w) is defined
by induction as follows:

e m = pifandonly if I(p,w) = true, for every p € P;

e m = —¢ if and only if m [~ ¢;

e m = ¢ A ifandonlyif m = ¢ and m =

e m | Qg if and only if (W, R, I,w’) = ¢ for every w’ € W
such that wRw’.

A set of formulae S is said to entail formula v, written S |= ¥, if for
every pointed model m that satisfies every formula in S, m satisfies
1) too. In this case, we will also say that ¢ is a logical consequence of
S. We will write S £ 1 when this is not the case. Given a finite set of
formulae {1, ..., ¢n}, we will sometimes write ¢1,...,¢n = ¢
instead of {¢1,...,dn} E 9.

As usual, two other connectors V and < are introduced and defined
as abbreviations: ¢ V ¢ = —(—¢ A ) and C¢p = —~0O-¢.

For that local definition of logical consequence, the deduction the-
orem holds for finite S: S |= ¢ if and only if {} = —\/ SV ¢.

There are various ways to define conjunctive and disjunctive nor-
mal forms in modal logic (see e.g. [3, 4, 5]). In this paper, we will
consider normal forms close to the ones defined by Enjalbert and
Farifias. Literals, clauses and terms can be defined using a grammar
in BNF:

LitC == p| —p| OClause | ©CNF
LitT == p|-p|ODNF | OTerm
Clause := LitC | ClauseV Clause | L
Term == LitT | Term A Term | T
CNF == Clause | CNF,CNF
DNF := Term | DNFV DNF

According to this definition, clauses are disjunctions of literals of
type “C” (for “Clause”): such a literal is either a propositional literal,
or a clause behind a O, or a set/conjunction of clauses behind a <.
A CNF is then a set/conjunction of clauses. This corresponds exactly
to the definition of clauses used by Enjalbert and Farifias. A term
is the dual of a clause: it is a conjunction of literals of type “T”,
where such a literal is either a propositional literal, or a term behind
a <, or a disjunction of terms behind a O. Every formula of K as an
equivalent DNF and an equivalent CNF.



(Uniformly) interpolating a DNF is relatively simple, because of
two properties of interpolation. The first one is general in logic: if x is
a (uniform) interpolant of ¢ and %’ a (uniform) interpolant of ¢’, then
x V X' is a (uniform) interpolant of ¢ \VV ¢’ (since if ¢ V ¢ = 1), then
¢ =1 and ¢’ |= 1, thus x = ¢ and x = v'). The second one con-
cerns the interplay of modal connectives and interpolation: a uniform
interpolant of ¢ A 0@’ A Op1 A ... Oy, where ¢ does not contain
any modality, is simply : x AOX' AC(x1 AX ) A ... AO(xn AX)s
where the s are interpolants of the ¢s (this is equivalent to the result
proved in [4], and used in [10], on interpolation for slightly different
disjunctive normal forms: a uniform interpolant of ¢ A Oy A ... A
CPp AO(A1V. . V) is ¢ ACHINA. . . ANOP, AD(PLV ...V @L)).

In the sequel, we propose a method to compute a uniform inter-
polant of a CNF.

3 Resolution in modal logic

From a model theoretic point of view, resolution can be understood
as an application of the general set theoretic property:

(MUN)N(M'UNYC(MNM)YUNUN".
In terms of logical formulae, this can be rephrased as:
dVC,HVC E(pAD)VC V.

In the case where ¢y = —¢, we obtain the usual resolution rule of
classical logic: ¢ V C,~¢ V C' = C Vv C’. But in modal logic,
this can be used to produce other inference rules. In particular, if
¢ N | x.then O¢, Oy |= Oy and O¢, Oy |= Oy, thus

CopV C,OpVC EOxVCVC
O¢pVvC,OpvVC EOxVCvVC

Note these deductions can be made at any depth in a modal formula
in negation normal form, since if ¢ |= x, then O¢ |= Ox, and O(P A
) £ 06 A Y AY).

In order to define a practical inference system, one has to define
precisely which inferences are allowed. Enjalbert and Farinas [5] de-
fine a set of inference rules that we recall below. In the sequel, we
adopt an in line notation for inference rules: Aq,..., A, = B de-
notes an inference rule whose premisses are Ay, ..., Ay, and whose
consequent is B. Enjalbert and Farinas’ resolution system for K is
defined by a set of conditional, recursive “meta”-rules; it is the small-
est set of inference rules that contains, for o € P U {1}:*

o (rule L)[DL|vCy[0E|VCE =1 Cf vy

. (mleﬂp)@\/C{,\/Cé =, C1 V C5;

o (rule 00)[OC1 |V Cf,| O(Ca, B) |V Ch =0 O(Cs, E,C3) V
CiV Cyif Cy,Cy =>4 C3;

o (rule 00) [ OCy |V C1,[0Cs |V € =4 OCs v Cf V Cy if
C1,C2 =, Cs;

o (rule ©2) v C =o O(C1,Cs, B,C3) V C if
Ch1,Cy =, C5;

. (m1e<>1)mv C =o O(C1, E,Co) V Cif O =>4
Co;

o (rule )| OC, |V O =0 DO V Cif C1 =0 C;

2 The “meta”-system of [5] is slightly different from the presentation given
here, mainly because we do not separate the introduction of V from the
introduction of modalities.

We assume that the consequents are always normalized, that is sim-
plified using the following equivalences: AV AV B = AV B,
AVl =A01L=1,AA L = L. In the description above, we
have drawn a box around, in each premiss, the literal resolved upon.
Let us stress that each of the inference rules of this resolution sys-
tem is “meta”-derived from a unique simple (rule L) or (rule —p)
for some p € P; if it is derived from some rule —p, we call p the
resolved variable. The « that indexes the rules denotes this variable
or L. The height of the derivation of a resolution rule will be the
number of meta-rules used to obtain it, minus 1.

Example 1 The following are derivations of valid resolution rules:

° =,V OO—p =, OOC—p (rule r)
_ (rule OO)
O-r, 0(r vV OO—p) =, OO0C—p
(This derivation is of height 1.)
. -p,p—=p L (rule p)
- (rule OO)
Q=p, Op =, L

- (rule OO)

OOC—p, COpV s = 8
(rule ODO)

00C—p, O0(COp V s) =, Os
(This derivation is of height 3.)

Definition 1 A deduction by resolution of clause C' from clause set
S is a sequence of inferences by resolution I, . .., I such that for
every I;, each premises of I; belongs to S, or is the consequent of
rule I; for some j < i.

Example2 Ler S = {O0-»,0O(r Vv OOC—p),0(C0Op V
s),O(—s,<q)}. There is a deduction by resolution of L from
S, for example with the rules Iy = O-r,O(r V OO0-p) =,
00C—p, I, = 0OO0OC-p,0(0p V s) =, 0Os, and
Is = Os,0(—s,0q¢) =5 L.

O-r O(rvOO—p) O(COpVs)
T
0oo—-p

O (s, Oq)

Enjalbert and Farifias show that their resolution system is sound
and complete for K with respect to refutation: given clause set S,
S = L if and only if there is a deduction by resolution of L from
a subset of .S. Moreover, since the modal depth of the consequent of
some inference by resolution cannot be greater that the depth of its
premises, there can be only a finite set of clauses that can be deduced
by resolution from a finite set of clauses S (recall that redundant
literals are implicitly simplified when resolutions are performed).

We will show in the next section that forgetting variables from P
in a set of modal clauses S can be done by performing all possible
resolutions on variables from P, and then eliminating all occurrences
of the variables of P. The property of resolution that will enable us
to do that is that, given a subset of propositional variables P, we can
re-arrange inferences so that resolutions on variables from P appear
before other resolutions. Formally:



Proposition 1 Given a subset of propositional variables P, if there
is a deduction by resolution of clause C' from clause set S, then there
is a deduction by resolution I, ..., I, of some clause C* from S
such that C* subsumes C' and for every i, j, if I; resolves on a vari-
able from P whereas I; resolves on L or a variable from P — P,
then i < j.

Note that the resulting clause C™* may not exactly be the original,
it may in fact be stronger. More precisely, we define subsumption as
follows:

Definition 2 A clause C subsumes a clause D if every literal of C
subsumes some literal of D, and a set of clauses E subsumes a set of
clauses F' if every clause of F' is subsumed by some clause of E. A
propositional literal subsumes itself; a literal OC' subsumes a literal
OD if C subsumes D; and a literal O E subsumes O F if E subsumes
F.

Example 3 OeVO(r, s, p)Vq subsumes pVO(eV f)VO(rVi, s)Vg
because:

e Ue subsumes O(e V f) because e subsumes eV f;

o O(r, s,p) subsumes &(r V t,s) because r V t is subsumed by 1
and s is subsumed by s.

e ¢ subsumes q

Example 2 (continued) We can re-arrange resolutions, so that reso-
lutions on 7 come last:

O-r O(rvOO—p) O(COpVs) <O(-s,0q)
\‘ s
O (=s, g, O0Op)
p
O (—s, Og, O0p, 1)
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Prop. 1 is an easy consequence of the following lemma:

Lemma 1 Given clauses A, B, C, I and F, if there is an -
resolution from A, possibly using side clause B, giving clause I, and
a [-resolution from I, possibly using side clause C, giving clause
F, then there exist clauses I*, FYy, ..., Fy (for some n > 0) and
F™ such that F* subsumes F and there is a 3-resolution from A,
possibly using side clause C, giving clause I*, and a sequence of
a-resolutions from I*, possibly using side clause B, giving suc-
cessively FY, ..., ), F*. In other words, if A(,B) =« I and
I(,C) =5 F, then A(,C) =3 I", and I"(, B) =« F{ and
F{(,B) = F5 and ...and F;(,B) =« F*. Or, with some
pictures:

(C) A (B) (C) A (B)
. | (Ne'Rd \\‘Jﬁ /4'
ifwe have ' I,

Bl al 1
F

then we also have:

Proof. The proof is rather tedious, because there are quite a few
cases to consider. Let us start with the easy case: the second reso-
lution is not on the literal obtained from the first resolution. In this
case, A is of the form A =14 VI, V A’, whereas B = g V B’ and
C =lc Vv C' (if needed), with la(,Ig) =>a lr,and Iy (,lc) =
lr. Then we just have totake I = [4 VIp V A'(VC') and F* = F.
Pictorially:

(\/C’) \/l’AvA’ (\/B’)
l La(,,f"/
‘ Y

‘ Iy v A (vB)

5]

IrVvipVv A (VB)(VC)

(before)
<

(ic]veny vii]va (is]vB)
e
[a]vievawe) /
a{ PPt

i VIV A/(VBI)(\/C/)

(after)

Notice that there is nothing to change here if I; and/or IF is L,
that is, if one of the two resolutions is a propositional one, or if it is
a O one, the clauses I, F and I™ are just shorter.

Let us now consider what happens when the literal resolved upon
in the second resolution is the one obtained in the first resolution. In
particular, this means that the first resolution is not a propositional
one, nor a O one (since in these cases, two literals are discarded
and not replaced by anything), and thus the second one is not propo-
sitional either, since it operates on a modal literal.

If the a-resolution involves a <-literal, say in clause A, then it
can be a 1 or a &2 resolution on A alone, or a ¢ O-resolution with
a “side” clause B of the foom B = OB” Vv B’. Note we cannot
have here B” = L, for this would mean that the literals of A and
B that are involved would not be replaced by anything, so the literal
of A involved in the (-resolution would be another one, a case we
have already covered. Thus B” # L, and the resulting literal is a
O-literal containing one new clause I” that is not in the <-literal of
A. The resulting -literal is then resolved upon in the -resolution,
with or without the help of side-clause C', which must then be of the
form C =0C" v C'.

If the B-resolution does not involve I’, we can conclude quite
easily: in this case, A is of the form A = O(E, A", A"y v A,
where E is a set of clauses and A” and A’ are the clauses in-
volved in the o- and S-resolution: we have A”(, B”) =, I’ and
A" (,C") =5 F', so we also have O(E, A", A"y v A’'(,0C" v
C =3 O(A", A" E,F')V A (VC')and (A", A" |E,F") v
A'(vC"),0B"VB' =, (A", A" E, I, F')VA' (VB")(vC").
Pictorially:



(D\/C') <>(, A" E)v A (DvB’)
! X

/a \
§ o, A" ] B, 1YV A (VB
-8
O(A", A" B, I' F'YV A'(VB')(VC")
(2

dc]vey owr[a”] Byva @B |vB)
|8

o] am B, Fyva e

(after)

O(A” A" EI' F') v A (VB')(VC")

«

If the B-resolution does involve I’, then we’ll have to use some
inductive argument in order to conclude: A is of the form A =

O(E,A")Vv A’,and we have A" (, B") = I"and I' (, C"") =>4
F'":

| @

\\\ O(A”,E,)VA/(VB')
-l B

dc’lvey o(alByva @ B’]vE)

O(A"E, I',F')v A'(VB")(VC")

If we have proved that the result of the lemma holds for every reso-
lution whose derivation height is strictly less than that of our current

a-resolution, then we can assume it holds for A”(, B") =, I',

in which case there exist I'*, F{*, ..., F/* (for some n > 0)

and F”* such that F’* subsumes F’ and A"(,C") =4 I™
and I"*(,B") =>o F{* and F{*(,B") = F5" and ...and
F)*(,B") =>o F’*. Now, we can use another resolution to obtain
I’, since we still have A”(, B"”) =4 I'. Thus we have:

dc’vey o(a’lpyva o B’]vB)
-~ \
\“\“\“Jﬁ n

n\
oA B[ )vaAB) b

«

_ - no

- no\
\

o
o( A" B I Py v A (vB)(vC)
4 \

- I
- !
o
- \

I
o(A"] B, e B ) v A (vBY(vE!)

|
|
I
i /
I
I

-
|

- 1
[

oA B 1" Fir,... Fir F™) v A'(vB')(VC'f
. ~

O(A" E,I'* Fl*,... F* F"*, I') vV A(VB')(VC")

We have used an inductive argument in the preceding paragraph.
The base case corresponds to an a-resolution whose derivation
height is zero: these are the propositional resolutions and the O res-
olution, we have already proved that the result holds for these cases.

Let us turn now to the case where there is no <-literal involved in
the a-resolution: this resolution is derived using a O0O-rule or a O-
rule. Then there is a clause A of the form A = OA” vV A’, and pos-
sibly a “side”-clause B = OB"” V B’, such that A" (, B") = I,
and thus I = OI' vV A(VB'). The (-resolution involves the lit-

eral produced in the a-resolution (we have studied the other case

first). Let us start with the case where this §-resolution does not

involve any <-literal: it is a OO- or a O-resolution: there may be

a clause C = OC” v ', with I'(,C") =3 F',and F =
OF"'v A’'(VB') Vv (C"). Using an inductive hypothesis again, we can
assume there are clauses I'* and F'* such that A”(,C") =5 I'*
and I"*(, B") =>4 F’*. (For the sake of simplicity, we assume that
there are no other intermediate clauses F1*, ..., F,"; the proof would
be very similar with more intermediate clauses.) In this case, we can

choose I* =01 v A'(VC") and F* = F"* v A'(VB')(vVC"):

(DvC’) DvA’ (DvB’)
‘ -

(before)
O
=)
<
=
<
%

OF' v A (VB')(vC")
4

(DvC’) DvA’ (DvB’)
s ,:
o 1 v A'(ve) /

s
-

(after)

oF™*v A (VB')(vC")

«

If the other literal of the (-resolution is a <-literal, we have

C=0C"E)vC',and F = O(C",E,F") v A'(VB")(vC"),
with I',C"" =>4 F'. Since A" (, B") =>4 I, the same inductive
hypothesis again allows us to assume that there are clauses I"* and
F’* suchthat A”,C"” =5 I and I'*(, B") = F'*.In order to
get I in the < literal after the resolution, we need to perform another

a-resolution. In the end, we can choose I* = <>(7 K, ) \Y
A'(VB')and F* = O(C", E,F™*, I')v A (VB") v C":
<>(, E)v ' DVA’ (DvB’)
ol v ave
B
O(C",E, F')VA(VB)vC

(before)

U



<>(7 E)yvc' III VA (D vV B')
I
\‘ 5 '
1
<>(,E,) \/Al(\/B/) //,/|
. e

|
I
I
I

(after)

- !

O(C",E,F")V A (VB)VC' |

S(C" B, F™*, I')v A(VB') v ('

«

4 Uniform interpolation by resolution

Suppose now that we want to compute a uniform interpolant for
clause set S and a sublanguage £"F defined by a subset of variables
P: L£™F is the sublangage of £ whose formulas have no occurrences
of atoms in PP. We can proceed as follows:

1. recursively add to S all clauses obtained from S by resolutions on
variables from P: this gives a set of clauses S"(P): then

2. suppress from S™) all information about variables from P; for-
mally, we define an operator Supp such that Supp(P, C) asso-
ciates to clause C' a clause that “forgets” what C' says about vari-
ables from P:

e if C is of the form p V C’ or =p V C’ for some p € P, then
Supp(P,C) = T;

e otherwise, that is, if no variable of P appears at “ground”
level in C: Supp(P,C' VOR1 V ...VOR, VOC; V...V
0C,) = C' Vv OSupp(P,R1) V ...V OSupp(P,R,) V
OSupp(P,C1) V ... V OSupp(P,C,) where for each i,
Supp(P, R;) = {Supp(P, C) | C € R;}. We also perform the
natural simplification: OT =CV T =Tand RU{T} =R.

Let S™F = {Supp(P,C) | C € S}, We claim that S"°”
is a uniform interpolant of S on £"°%. In order to see this, suppose
that ¢ is a formula of £"% such that S |= ¢: let S’ be a conjunc-
tive normal form of —¢, by refutation completness of Enjalbert and
Farifi’as’ resolution system, there is a deduction by resolution of L
from SUS’. Let us use Prop. 1 and re-arrange this deduction to get a
sequence of inferences where all resolutions on variables from P are
before the others: it has the form Iy, ... I, ..., I,, where inferences
I, ..., I are on variables from P, and Ix+1, ..., I, are resolutions
on L or on other variables. Let C1, ..., C,, be the premisses of the
inferences Ix+1, . .., I, thatare in .S or that are consequents of infer-
ences I1, ..., Ix; and let R be the set of clauses obtained by applying
Supp(P,e) to Cy,...,Cp: R C S™F and there is a deduction by
resolution from R U S’ for L, since there is a deduction by resolu-
tion from {C1,...,Cy} U S’ and clauses in R are “simpler” than
C1,...,Cm. Thus S™F U S’ = L, hence S™7 = ¢.

Example 2 (continued) Suppose we need to compute a L, inter-
polantof R = {O(r vV OO—p), O(COpV s), O(—s, Og) } where L,
is the language whose only variable is r. We first perform all possible
resolutions that do not involve r:

O(r v O0-p) O(COpVs)  O(ms, Oq)
S
O(r Vv s) O (s, ©g, ©0p)
p

O (s, g, OOp, 1)

Let P = {s,p,q}, we now compute Supp(P, R). The clauses
O (=8, ©q), O(—s,Oq,©0p) and O(COp V s) are suppressed by
Supp(P, e) because they contain only occurrences of s p, and g. The
clauses O(rvOC—p) and O(rV s) are discarded too, because they do
not specify in which case r is true. In the clause & (—s, $g, COp, 1),
one conjunct is kept, 7. So R™F = {Or).

5 Conclusion

The results above show that, although it is more complicated than
in propositional logic, resolution can be used to compute a uniform
interpolant in modal logic K. In order to have a practical method,
one would need to precise a procedure to systematically compute
P-resolvants of a given set of clauses. An algorithm like [2]’s satura-
tion by set could be used, coupled with the elimination of subsumed
clauses. From an implementation point of view, an important differ-
ence between resolution in propositional logic and in modal logic is
the representation of clauses: they can be efficiently represented in a
table when there are no modalities. From this point of view, the ap-
proach of [1] seems promising: they “flatten”” modal formulas, using
a naming scheme for the possible worlds, a little like skolemization
in first-order logic, and then perform resolution on flat clauses. In or-
der to properly use this approach for interpolation, one would need to
define a sort of “de-skolemization” in order to regain modal formulas
after interpolation has been performed on flat clauses.
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