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Abstract. Many computational problems linked to reasoning underprovided by multicriteria decision making. The PFU framework [10]
uncertainty can be expressed in terms of computing the marginal(g)lso makes use of variable elimination algorithms very close to local
of the combination of a collection of (local) valuation functions. computation.
Shenoy and Shafer showed how such a computation can be per- The main purpose of this paper is to show whether and how such
formed using only local computations. A major strength of this work partially ordered problems can be cast in Shenoy and Shafer’s frame-
is that it is based on an algebraic description: what is proved is thevork, so as to provide them with local computation algorithms. In ad-
correctness of the local computation algorithm under a few axiomslition, it helps comparing these problems according to their algebraic
on the algebraic structure. The instantiations of the framework improperties. We also give examples of preference relations in order to
practice make use of totally ordered scales. The present paper focus&#sow that the algebraic structures explored here are of interest.
on problems of optimization over partially ordered scales, including
problems that do not rely on a semilattice, and examines how the : :
can be cast in the Shafer-Shenoy framework so as to satisfy the a?— Axioms for local computation
ioms for local computation and thus benefit from local computationWe recall here some basics of the Shenoy-Shafer framework [15, 14,
algorithms. It also provides many examples of preference relations3]. Consider a finite seX = {x1,...,z,} of variables, each;
thus showing that each of the algebraic structures explored here haanging over a finite state space (or “domai’). Ds will denote
its own interest. the Cartesian product of the variablesSnFor the sake of simplic-
ity, considering a function oveDs we shall use the notatiofi(d)

. for anyd assigning a superset 6f, so thatf(d) = f(proj(d, S)),

1 Introduction whereproj(d, S) is the projection off to subsetS. We also adopt

. ) . . the convention that the state space for the empty) einsists of a
Many computational problems linked to reasoning under uncertamt;gingle objec#, i.e., Dy — {4}

can be expressed in terms of computing the marginal(s) of the com- Given ase C X of variables, we assume a $61. The elements

bination of a collection of (local) valuation functions. Shenoy and f Vs are called/aluationsands is thescopeof eachy € Vs—let us

Shafer [15, 14] showed how such a computation can be performe . L . )

. ; . . . ) enote itscope(o) = S, which, intuitively, is the set of variables that
using only local computations, operating using successive variable .~ . : .
eliminations, based on a join tree representation (see also, in partic- gives information aboud? = ¢ Vs the set of valuations. Val-

P J > Tep . 2 1N PG tions are primitives in the Shenoy-Shafer framework and as such
ular, [8]). A major strength of this work, is that it is based on an . - . - .
; L . . require no definition. They are simply entities that carcombined
algebraic description: what is proved is the correctness of the local oo
. . - . andmarginalized
computation algorithm under a few axioms on the algebraic struc-
ture. Hence, the same algorithm of local computation may be useg The combination of two valuations and ~, denoteds i 7 is a

for computing the projection on a given variable of a joint probabil- valuation whose scope igope (o) U scope(r).

ity distribution described by a Bayesian net, for making the fusion of | The marginalisation of one valuationto a set of variabl&® C
several basic probability assignments with Dempster’s rule of com- scope() is a valuation whose scopeTs Let us denote il
bination, or for computing the degree of consistency of a possibilis-

tic knowledge base. The scope of Shenoy and Shafer's framework (1) i |) s called a valuation algebra. A valuation network (VN)

also encompasses several optimization problems, like the MAX CSE; 3 finite setS = {ry,...,7»} C V. The marginal ofS over a
problem [5] or the VCSP problem [13]. (possibly empty) subsét of X is:

All the above instantiations of the Shenoy-Shafer framework ac-
tually deal with totally ordered scales of scoring. The question is: (XE)lT =(nX...XK Tm)lT

can we use local computation in optimization problems over a par-

tially ordered scale, and how? Indeed, Al has witnessed the emeBayesian nets are well known instances of VNs, where valuations
gence of frameworks based on such partial orders. Let us for instan@®e conditional probability distributions, combined by the product
cite semiring constraint satisfaction problems [1], order of magnitudednd marginalized using summation. These instances, among many
reasoning [17], or belief revision [2, 6]; other examples are obviouslyothers, satisfy the well known axioms for local computation:
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Axiom A3 (distributivity of | overX):
If scope(oc) C T C scope(o) U scope(r), then (o X 7)1
ocX TlTﬁsccpe(T)

It is then shown that if the valuation algebra satisfies Axioms A1,
A2, A3, then for any valuation network ovéf, the marginal of the
network over set of variablég can be computed by successive vari-
able eliminations. More technically, given a VN netwatkthe basic
procedure can be defined as:

Elimp(3) = Sor U {(RE) X}

whereX_r = {0 € 3, scope(c) N T = B} is the subset of valua-
tions inX that do not bear on any variablethandXr = ¥\ X7

is the subset of valuations that do. If Axioms Al, A2, A3, hold, then
it can be proved that:

(X)X = RElimr(3)

So, we can go fronk to a new set of valuations, not bearing on
T, by combining all the valuations that bear @h computing its
marginal overX \ 7" and adding it to the set of valuations that do
not bear onT'. Applying the principle iteratively w.r.t. a sequence
of variablesY = (zpizp2...zpk), the algorithm computes the
marginal of the VN overX \ Y

(&2)1)(\{%1 e Tpk}
@Elim{zpk}(Elim{zpk71 }(....Elim{zpl}(Z)...))

Axioms for local computation are sufficient conditions for the cor-

That is to say= is a reflexive, anti-symmetric and transitive re-
lation overL (since= is antisymmetrica ~ b iff a = b) andL is
equipped with an internal operater which is associative, commu-
tative operation and monotonic with respectt§a < b = a®c =<
b® c.)

Definition 2 Given a utility structure(L, <, ®) and a setX of dis-
crete variables:

e Alocal function is a function from the domalns of a set of vari-
ableS C X into L.
o A utility networkC is a set of local functions.

Definition 3 Given a utility networkC on (L, <, ®), the global
score ofd is scorec(d) = @, ccci(d). We shall also write
Scores(C) = {scorec(d) : d € Dx}.

3.1 Five problems of optimization
3.1.1 MAXCSP and VCSP

In MAX CSPs (and respectively, VCSPs) [5, 13], the aim is to find a
d that minimizes the number of violated constraints (resp. a combi-
nation, generally the sum, of the weight of the violated constraints).
We shall usel. = N U {+o0}. ® is the addition of numbers and

< = <. In these exampled, is totally ordered® admits a neutral
element which is the best score is the sca)e (

3.1.2 Cumulative prospect theory (CPT)

rectness of the sequential elimination procedure. They also ensure the

correctness of algorithms of message passing in a join tree deco
position of the VN. What is important for the purpose of the presen
paper, is that it is granted that, when axioms A1, A2 and A3 hol
such algorithms are available.

Practical specializations of local computation focus on the cas
when optimization is made w.r.t. a total order. We will show that it
applies to many other situations, which involve only partially ordered
scales.

3 Optimization in utility structures

The problems we are interested in use a scoring scateevaluate
alternatives. < will denote the preference relation over scores. We
use notation< for the associated strict preferenee{ b iff a < b
and not) < a)) and~ for the corresponding indifference relation:
a ~ b holds if and only if bothu < b andb < a hold. We adopt the
convention that: < b means that the scoreis as least as good as
the scoré, i.e., we are oriented toward minimization. Each alterna-
tive d receives a collectiofx: (d), ..., cm (d)) of scores; the; can be
criteria, soft constraints, formulas in a penalty logic, etc. The globa
score ofd is the aggregation of all the; (d) accordinge. Most of

?

rQ_PT is an old attempt to take into account the positive and negative
taspects of decision making [16]. In CPT, eaglevaluates each pos-
d sible decisiond with a score that may be either a positive reails(

in favor of d) or a negative real:(is against decisiod). The global
core ofd is the sum of the positive and negative scores and should
e maximized. Herel, = R U {—o0}, ® is the addition of numbers
and < follows the classical comparison of reats:< b iff a > b,
since our convention minimizes while CPT maximizes. Notice that
L is totally ordered, thak admits an annihilator-{co) and a neutral
element (). The main difference with MAX CSP is that the neutral
element does not need to be the optimal elemeit in

3.1.3 Bi-attribute Pareto decision making

In many multicriteria applications one has to simultaneously opti-
mize several non commensurable quantities, like cost, time, secu-
rity, etc. In the problem of bi-scaled shortest path for instance [7],
each edge in a graph is labelled by a cost and a duration. The cost
(resp. the duration) of a path is the sum of the costs (resp. dura-
tions) of its edges. For these problems, we can lse= (N U
|{+oo}) x (NU {+o0}), the combination being the pointwise addi-
tion (a,b)® (a’,b") = (a+ad’,b+V"). Pairs are compared according

these problems can be cast as problems of optimization in utility netsy pareto optimality, i.&(a, b) < (a,b) iff a < o’ andb < V. < isa

works, as defined in [10].

Definition 1 A utility structure is a triplet{ L, <, ®) which forms an
ordered commutative monoid.

3 In the present paper, we often use the terms “scoring scaleLfand
“score” for elements ofL. because its elements are not necessarily rep-
resenting utilities (the framework encompasses also reasoning problem

and we are not maximizing. We also avoid the terms (e)valuation scale oy,
(e)valuations in order because of potential confusion with the notion of val-

partial order, e.g(3,2) and(2, 3) are incomparable.

3.1.4 Order of Magnitude Reasoning

In the system of order of magnitude reasoning described in [17], the
elements ofL are pairs(s, ) wheres € {+,—, £}, andr € ZU
$ho}. The system is interpreted in terms of “order of magnitude”
alues of utility, so, for examplé—, r) represents something which

uation used in Valuation Networks: in VNs, a valuation is not an elementlS Negative and has order of magnituié (for a large numbeK).

of a scale, but, rather a function taking its values in a scoring scale.

Element(+, r) arises from the sum g+, r) and(—, r). (&, r) can



be thought of as the interval betwegn, r) and(+, r), sincethesum 3.2 A Further classification of the examples
of a positive quantity of ordeK™ and a negative quantity of order

K" can be either positive or negative and of any order less than o_lret us go back to the algebraic framewo_(lzf, = ®). Remark that
equal tor. Let Agom = { (=, —00)} U {(s,7){s € {4, —,+},7 € in all the problems, the worst score annihilatesindeed, for any
70U {4_00'}} ’ ’ T ordered monoid, we can suppose without loss of generality that

The interpretation leads to defiteby: (s, ) & (s, 1) = (s, r) if contains a unique maximal (worst) elemé&naind a unique minimal
r > r';itsequalto(s’,r') if r < r’;andis equaltdsvs',r)if r = (best) element., and thalT annihilatesg.
r’, whereV is given by:4- vV + = + and— VvV — = —, and otherwise,
sV s = 4. Operation® is commutative and associative with neutral

element(+, o). < is defined by the following instancégi) for all Is then Sa'q to be negative. .
rands, (4+,7) < (—,s): (i) forall s € {-+,—, +}, and allr, ' with e If there exists an associative and commutative opergt@uch

- thata < b <= a®b = a, then we say that represents

> = " <=, 7). i i i ) . L
P21 {4, r) < (s, T.> = (~,r). The relation< is a partial order <. It is well known that such & exists iff (L, <) forms a meet
However, there are incomparable elements, éig.r) and (+, s) semilattice

e If L isthe neutral element, then it holds thak a ®b. (L, <, ®)

whenr 7 s. e If <is atotal order this operator necessarily exigis= min).
o If Va,b,Ve # 1, T,a <b=a®c<b®cthen(L, <, ®) is
3.1.5 Tolerant Pareto said to be strictly monotonic.

The problem with a Pareto-based comparison is that the preference Negative structures are well known in flexible constraint satis-

provided is often not decisive enough. For instance the two pair£ction. In semiring CSPs [1], the first two properties are assumed
a = (eost, Atime) ANAb = (beost, brime) are incomparable as soon (semu_rlng CSPs are essentn_qlly utility networks wh(sﬁ;e@_, @)isa
aS Quost < beos: aNdbrime < arime, and this even if the differ- Negative commutative semiring). If the completenessa§ more-

ence between,o.: andb...: is much greater than difference between 0Ver assumed, the network is a soft CSP in the sense of 3] .
brime aNdaime. Let us go back to our examples. Max CSPs and VCSPs are in-

Consider our time/cost pair. The idea is to use indifference thresh$tances of soft CSPs (and thus of semiring CSPs). Pure Pareto
olds, Saytreos: for the first dimension, andy:m for the second one.  COSYTime problems are semiring CSPs (just(seb) & (c,d) =
If Geost + eost < beost, We shall say that the cost dimension has (min(a,c), mm(b,_c_i))). Both are based on a negative structure.
a strong preference far overb, and opposes a veto to the opposite But there are utility networks that are not soft CSPs nor semiring
preference. Then we decide that an alternative is better than the oth&>PS: €.9-:
iff it Pareto dominates, but with respect to the thresholds of tolerance.. In CPT and OOM.L is not the neutral element

Formally decide: e In Tolerant Pareto problems, there exists no operatencoding

<.
bcast — Qeost > Qeost and -

btime — Qtime > —CQtime; OF

brime — Grime > Qtime aNd 3.3 Optimality and Complexity

bcost — Qcost 2 —CQlcost

a < biff either

When the scale is totally ordered, as for CPT or VCSP, the usual

So, when one dimension strongly prefers alternatiwgile the other  optimization request is to compute the minimal valuedesrec (d)
does not oppose a veto we do not get an incomparability, like in thégenerally, together with the leading to this score). Whef is par-
classical Pareto case, but a strict prefereneeb. This decision rule  tial, there may be several optimal scores that are pairwise incompa-
is related to the Electre method (see e.g. [12]). It is not complete norable.
transitive: it may happen that < b andb < ¢ while a andc are not
comparable (e.g. because the time dimension that does not oppos®gfinition 4 d € Dx is an optimal solution fofC) if there is nod’
veto toa < b nor tob < cis a vetoer for < c). Nevertheless<is ~ in Dx such thatscorec(d’) < scorec(d).
acyclic. a is an optimal score fo€ if a = scorec(d) for some optimal solu-

This example cannot be cast as a utility network stricto sensusion d.
but its closure by transitivity can be, using pointwise addition as the

combination. Let<* be the transitive closure 6{. It can be shown For partial order< and anyA C L, let us denotdernel<(A)
thata <* b holds if and only if either (iYcos: — acos: > 0 and  (the kernel of4) as the set ok-minimal elements of4, i.e., the set

bime — Grime > 0, OF (ii) there existsk € {1,2,...} such that Of elements: € A such that there exists rioc A with b < a. Itis
either (Q)beost — Geost > kteost ANbgime — atime > —kQime OF easy to see that the set of optimal scores is the Kerngtofes(C)
(b) btime — Qtime > kQttime andbcost — QcostC > —kacost. w.rt. <:

In this rule, the thresholds are considered as elementary units of B o ]
strong preference. Sa,is better tharb when, going fronb to a, the ~ Proposition 1 a € Kernel<(Scores(C)) iff a is an optimal score
enhancement on one dimension (e.g. the cost dimension) is great@rr C.
than the degradation in the other dimension, this enhancement (resp.
degradation) being evaluated on a scale whose unit.js: (resp.
atime)-

So, if X is atotal orderK ernel<(Scores(C)) is the singleton set
containing the optimal score fcr.
When compared to soft CSPs (resp. semiring CSPs), our utility
4 This definition is slightly stronger than the original one, which doesn't allow netvyork; relax the assumption _Q‘f being a total order (resp. a
(+,7) < (&,7) < (—,7); either order can be justified, but our choice is Semilattice) as well as the requirement about the neutral element.
more discriminating. However, this does not increase the complexity of the problem. Let




L = (L, =,®) be a utility structure. We consider the following two Definition 6 If there exists an operatof such asa < b <=

problems: a®b=caand(L,®,®) is a semiring, let us define:
[OPT.]: Given a networlC built on utility structure£ anda € L, Vo,d:o'"(d) = b o(d).
does there exist an assignmeiguch thatscorec(d) < a. d'eDg,d=proj(d’,T)

[FULLOPT.]: Given a networlC built on utility structure£, and - )
given H C L, does there exist an assignmehsuch thatda € Proposition 5 Axioms Al, A2 and A3 are satisfied Byand | as
H, scorec(d) < a. defined in Definitions 5 and 6.

Proposition 2 Let £ = (L,=,®) be a utility structure. Suppose See [9]. A2 is satisfied thanks to Proposition A1 is satisfied be-
that testinga =< b is polynomial and that computing the combina- cause if(L,®,®) is a semiring, ther® is commutative and as-
tion of a multiset of elements df is polynomial. Then OPJ and sociative. AxiomA3 can also be proved fairly easily, since when
FULLOPT, are inNP. (L, ®, ®) is a semiring, them is distributive overd.
The problem is thats and | are not faithful to the notion of op-
Furthermore they arP-hard under very weak assumptions; see timality in L. First of all because there may be more than one score
for example, Proposition 5 of [4]. in the kernel. Secondly, and maybe more importantly, because it may
So, the optimization problem, in its simple version (find an el- happen the score computed by this marginalisation is not achievable:
ement of the Kernel) or its full version is at worsP-complete. it may happen thatX.ccc)'? doesn't belong to the kernel at all
Branch and Bound algorithms can always be used for computing dore precisely, it holds that:
single optimal solution or even for computing the Kernel. However,
this analysis is a little biased, since the size of the Kernel is theoProposition 6 Given a utility structure(L, <, ®), the following as-
retically large. In the worst case, it is equal to the width=0fThe sertions are equivalent:
width of the Pareto comparison, for instance, is exponential, hence 10
the weakness of the rule; the width of the OOM rule, on the contrary,” ve, (Meece)™ € Kernel<(Scores(C))
is limited by the number of levels in the scale. - Zlisatotal order.

] - ] ) It is easy to see that the second statement implies the first. Con-
4 Casting utility networks in the local computation  versely, suppose that is not totally ordered; then there are two

scheme scoresa and b that are incomparable, i.e. & b # a,b. Then
4.1 Direct encodin for the trivial problemC = {c} with c(l) = a, ¢(2) = b,
9 Kernel<(Scores({c})) = {a,b} while ¢!? provides a unique
Utility networks can be simply cast in terms of valuation algebras,valuea @ b, which is different fromz and froma.
lettingV = Ugcx{f : Ds — L} and definingX in a pointwise What local computation computes with this direct encoding is ac-
fashion: tually a lower bound of the Kernel:

Definition 5 Let (L, <, ®) be a utility structure and, 7 two func-  Proposition 7 If X and | are defined according to Definitions 5 and
tions for a subset ok to L. Define, for alld € Dicope(o)uscope(r): 6, thenVa € Kernel<(Scores(C)), we havg®.,ecci)*? < a.

(tXo)(d) =7(d) ® o(d). But once again, it may happen that this score does not belong to
o o the kernel. Proposition 6 is a rather negative result. Variable elimi-
Then the global score function is simply the combination ofd¢he  nation is indeed potentially exponential in time and space. It may be

inC. worthwhile using it if it were providing the optimal score. But the

spatial and temporal cost is too high for just an approximation of the
Proposition 3 For any utility networkC over (L, X, ®), scorec = result. However, we shall circumvent the difficulty, by working with
M, ecci. another comparator. The first solution is to simply refieThis is

. L . . . L the topic of the next section.
Proposition 4 X satisfies axiomd2 iff ® is associative and commu-

tative.
4.2 Set Encoding

This is trivial, but it gives a fundamental justification for having There is a definitive wav of using Shenov’s framework t timiz
® associative and commutative. Now, the difficulties arise with the o y . g' €noy's framewo L 0 op e
over a utility structure. The idea is to move fromto 2“, the set

marginalisation operator. The only trivial case is wheris totally of subsets ofl.. A score can then be a set of scores. Eacpro-

ordered. Then the min operator is well defined and we can set . . S . . .
vides a singleton, nothing is really changed from this point of view.
What changes, is the ability of computing a “min”: wheandb are
not comparable, we keep both when marginalizing. This transforma-
It is easy to check that this definition ensures the satisfaction of A%ion has been used in [11] in problems of multiobjective optimization
and A3, and that for ang built on (L, <, ®), (K.ccc)'? isthe op-  problems based on a Pareto comparison. We show here that algebraic
timal score forC. utility networks are rich enough to use this kind of transformation.
We can consider using the same technique when working on a More formally, letL = {A C L,A # 0, st. A =
semilattice, i.e. such that there exists an operat@much thata < Kernel<(A)}. Notice that a singleton is its own kernel, thus be-
b < a®b=aand{L,®,®) isasemiring. Itis always possible longs toL and thatL is stable w.r.t. the kernel based union : for any
to define the marginalisation operator for A,B € L,Kernel<(AUB) €L

ULT(d) = mind’eDS,d:pmj(d',T)O'(dl)



For any constraint, let c be the constraint taking it scores In

defined by:
c(d) = {c(d)}

and denot&C = {c : ¢ € C} the transformation of by this “single-
tonization”. Let us now define an operatpg between sets of scores:

Definition 7 For all non-empty subset4 and B of L, define:A @5

e For the OOM case, the largest kernel i,...

+
) ak }'
{ai,...,ax} being the set of possible values for the order of
magnitude—typically, reduced to a small selection of qualitative
values: “null”, negligible”, “weak”, “significant”, “high”, “very
high”.

In practice the width of the order can be a minor issue in

B = Kernel<(AU B).

comparison to the original complexity of the variable elimination

procedure—which is exponential in the tree width of the elimination
The main difference with the direct encoding, that provides an apsequence. If variable elimination is affordable, variable elimination
proximation, is that now thes, operator does represent that prefer- may well also be over partially ordered scales.

ence order:

a=<b < {a} &, {b} = {a}

With the example oDOM, {4} @, {6} = {4*,6%}. But
when a score dominates another, one is eliminated,{d.g} &

5 Conclusion and perspectives

This paper mainly focused on the ways of embedding utility net-

{6%} = {6*}. This is due to the kernel reduction in the above defi-Works into Shenoy and Shafer’s framework, showing how it is al-

nition.

ways possible to benefit from the local computation machinery. But

The operation of aggregation now has to be able to handle sets @6 it is the case for the tolerant Pareto example, there are meaningful

Scores.

structures of preferences that are not captured by utility networks.

However, we can often reason with the transitive closure of a non-

Definition 8 VA, B C L,A®:; B = Kernel({a ® b,a € A,b €
B}).

transitive relation (such as the Tolerant Pareto relation), since if a re-
lation is monotonic then so is its transitive closure. Further research

will be developed around the algebraic study of such structures.

With the OOM example again, # = {4*,6%} andB = {5"} then
A®sB = Kernel({4T®57,6T®57}) = Kernel({57,6%}) =
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