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Abstract. Gaussian or multivariate normal distributions are very
popular and important probability models.Gaussian potentials[5]
are multivariate normal density functions. Such a distribution is of-
ten given as a product ofconditional Gaussian densities, which are
more general than Gaussian potentials. These are related toGaussian
hints[11] andGaussian belief functions[9, 10]. Gaussian potentials,
which form acancellativesemigroup, can be embedded into a val-
uation algebra of pairs. In thisseparative extension, marginalization
may be defined only partially. Gaussian potentials form a cancella-
tive semigroup, so families of conditional Gaussian distributions are
in the separative extension of Gaussian potentials. Since combination
of Gaussian potentials is matrix additition of concentration matrices,
division is substraction of concentration matrices, which leads to a
new representation of a pair of two concentration matrices by a sym-
metric matrix, and to a valuation ofsymmetric Gaussian potentials.
With this extension valuation algebra, local computation can be per-
formed on join trees. Construction sequences cover factorizations of
Gaussian potentials into conditional Gaussian potentials.

1 Introduction

The abstract framework of valuation algebras [5, 12] covers differ-
ent information representation systems such as relational databases
and probability densities. Valuations represent information on some
domain, which is defined by a set of variables. Knowledge can be
combined and it can be focussed (marginalized) to a domain of inter-
est. Starting from a cancellative semigroup, an algebra of pairs can
be defined, where marginalization is defined only partially [5, 12, 2].
How to introduce division into a valuation algebra has already been
formulated in an abstract way in [7]. An equivalence relation can
be introduced into this algebra, which identifies elements that repre-
sent the same information, in the same way as different quotients of
integers represent the same rational. This particular equivalence re-
lation can be shown to be congruent with combination and marginal-
ization. Based on this equivalence relation, marginalization can be
extended, leading to a separative extension valuation algebra with
partial marginalization. This is the topic of Section 2.

Gaussian potentials form a cancellative semigroup, so Gaussian
potentials can be embedded into the separative extension of Gaussian
potentials, which includes families of conditional Gaussian distribu-
tions. An alternative representation of such pairs as symmetric Gaus-
sian potentials can be defined, where the two concentration matrices
are replaced by their difference, which is, in general, only symmetric
but not positive definite. This representation has the advantage that
equivalent pairs of Gaussian potentials have a unique representation.
This is the topic of Section 3.
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Often, a probability distribution, whose marginals are all well
defined, is given as a product of conditional distributions, whose
marginals may only be partially defined. Construction sequences
[13, 5] capture factorizations of densities into conditionals in such a
way that the Lauritzen-Spiegelhalter [8, 5, 12] and HUGIN [4, 5, 12]
algorithms can be applied, which exploit division introduced in the
separative extension. This is the topic of Section 4.

2 Cancellative Semigroups

Introducing division into a semigroup has two purposes: First, this is
an enrichment in elements; in the case of Gaussian potentials, condi-
tional Gaussian potentials are added. This is important since a Gaus-
sian potential is often given as a product of conditional Gaussian
potentials. The second purpose is that more efficient local computa-
tion schemes such as the Lauritzen-Spiegelhalter and HUGIN archi-
tectures can be used with Gaussian potentials. In this section, first,
cancellativity is introduced as a sufficient condition for a semigroup
to be embeddable into a group. Then, a lattice of labels or domains
is imposed on the elements of the semigroup, and a marginalization
operation is defined.

2.1 Embedding into a Group

Rational numbers can be expressed as pairs of non-zero integer num-
bers, or, more precisely, the semigroup(Z,⊗Z) of non-zero integer
numbers is embedded into the group(Q,⊗Q) of non-zero rational
numbersQ = Z× Z. The pair orquotient(z ⊗Z z, z) = z⊗Zz

z
∈ Q

is a representation ofz ∈ Z in the larger setQ of rationals. Since
z ⊗Z z = z ⊗Z z

′ for z, z′ ∈ Z implies z = z′, the mapping
z 7→ (z⊗ z, z) is injective. More generally,(Φ,⊗) is acommutative
semigroupif

(A1) Φ is associative and commutative under⊗, i.e. forφ, ψ, χ ∈
Φ,

φ⊗ (ψ ⊗ χ) = (φ⊗ ψ)⊗ χ, and

φ⊗ ψ = ψ ⊗ φ.

A commutative semigroup(Φ,⊗) is cancellativeif, for φ, ψ, ψ′ ∈
Φ, φ⊗ ψ = φ⊗ ψ′ implies thatψ = ψ′. Define

Φ∗ = {(φ, ψ) : φ, ψ ∈ Φ}, (1)

the set of pairs of elements ofΦ. Then, the mappingh : Φ → Φ∗,
φ 7→ h(φ),

h(φ) = (φ⊗ φ, φ) (2)

is injective. Multiplication⊗Q in Q is just multiplication of the nu-
merators and the denominators. More generally, define a multiplica-
tion⊗∗ : Φ∗ × Φ∗ → Φ∗ by

(φ1, ψ1)⊗∗ (φ2, ψ2) = (φ1 ⊗ φ2, ψ1 ⊗ ψ2). (3)
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Then,(Φ∗,⊗∗) is a commutative semigroup which extends(Φ,⊗),
i.e. forφ, ψ ∈ Φ

h(φ⊗ ψ) = h(φ)⊗∗ h(ψ). (4)

In the rational numbers, there are different representations of the
“same” rational by pairs of integer numbers, for instance1

2
, 3

6
, and

4
8

are identified. Here, the connecting property is that1⊗ 6 = 2⊗ 3,
3⊗ 8 = 6⊗ 4. More generally, the relation=∗ in Φ∗ defined by

(φ1, ψ1) =∗ (φ2, ψ2) ⇐⇒ φ1 ⊗ ψ2 = ψ1 ⊗ φ2 (5)

is anequivalence relation. Even more, this relation iscongruentwith
⊗∗, i.e., forη1, η2, η′1, η

′
2 ∈ Φ∗, η1 =∗ η′1 andη2 =∗ η′2 imply that

η1 ⊗∗ η2 =∗ η′1 ⊗∗ η′2. (6)

It can be shown [2] that theseparative extensionΦ∗ forms a group
with inverses(φ, ψ)−1 = (ψ, φ) and unit element(χ, χ) for
φ, ψ, χ ∈ Φ, which are unique up to equivalence modulo=∗. In
particular,h(φ)−1 = (φ, φ⊗ φ).

2.2 Marginalization

If Φ is a set of information pieces, which may be calledvaluations
[5], the elements ofΦ may be labeled by a domain they refer to.
Therefore, assumeD to be a lattice of subsets of a setr of variables.
Then, each elementφ ∈ Φ is labeled by a domaind(φ) ∈ D. To
every variableX ∈ r is associated a setΩX of values, called the
frame of X, and, similarly, to any setx of variables is associated
the Cartesian productΩx = ×X∈xΩX of configurationsof x. If
Φ consists of real functionsf , thend(f) = x just stands for the
definition domainΩx = Rx, i.e. f : Rx → R. Here,x ∈ Rx
can be seen as a functionx : x → R. The productf ⊗ g of two
functionsf : Rs → R, g : Rt → R is the real-valued function
(f ⊗ g) : Rs∪t → R defined by

(f ⊗ g)(x) = f(x↓s) · g(x↓t)

for all configurationsx ∈ Rs∪t and wherex↓s andx↓t are the re-
strictionsx|s andx|t of x : s∪ t→ R to s andt, respectively. More
generally,

(A2) (Labeling:) for φ, ψ ∈ Φ,

d(φ⊗ ψ) = d(φ) ∪ d(ψ). (7)

For a non-negative continuousf : Rs → R such thatZ
x∈Rs

f(x)dx < ∞,

the marginalsf↓t : Rt → R are well defined for every subsett ⊆ s
by

f↓t(y) =

Z
z∈Rs−t

f(y, z)dz, y ∈ Rt.

Such a functionf may be calleddensity[5]. Densities are the model
upon which the axioms of valuation algebras are built. Taking up nat-
ural properties of integration of densities, marginalization is an oper-
ation↓: Φ⊗D, (φ, x) 7→ φ↓x that satisfies the following properties
(A3)-(A5):

(A3) (Marginalization:) Forφ ∈ Φ, x ∈ D, x ⊆ d(φ),

d(φ↓x) = x. (8)

(A4) (Transitivity:) Forφ ∈ Φ andx ⊆ y ⊆ d(φ),

(φ↓y)↓x = φ↓x. (9)

(A5) (Combination:) Forφ, ψ ∈ Φ with d(φ) = x, d(ψ) = y and
z ∈ D such thatx ⊆ z ⊆ x ∪ y,

(φ⊗ ψ)↓z = φ⊗ ψ↓z∩y. (10)

A direct consequence of the transitivity and combinations axioms is
that

(φ⊗ ψ)↓z = φ↓d(φ)∩z ⊗ ψ↓d(ψ)∩z (11)

for d(φ) ∩ d(ψ) ⊆ z ⊆ d(φ) ∪ d(ψ) [5], that is, as a long as no
common variables are involved, marginalization of a product can be
calculated on the factors independently. For technical reasons, the
following properties are added:

(A6) (Domain:) φ ∈ Φ with d(φ) = x implies

φ↓x = φ. (12)

(A7) (Identity Element:) There is an elemente ∈ Φ, d(e) = ∅,
such that for anyφ ∈ Φ

φ⊗ e = e⊗ φ = φ, (13)

and
e⊗ e = e. (14)

In the case of continuous densities, the identity element corresponds
to the constant1. A structure(Φ, D, d,⊗, ↓) satisfying (A1) through
(A7) is called avaluation algebra with full marginalization[5, 12].
If the semigroup(Φ,⊗) is cancellative, it is a special case of asepa-
rative valuation algebra[5, 12, 2].

It has already been seen that(Φ∗,⊗∗) is a group. Then, the pur-
pose is to define marginalization↓∗ in Φ∗, at least partially and such
that it exends marginalization inΦ. First note that the equivalence
relation=∗ in Φ∗ is not domain-congruent, i.e. η =∗ η′ does not
imply d∗(η) = d∗(η′), for instance for allφ, ψ ∈ Φ it holds that
(φ, φ) =∗ (ψ,ψ). Consider two positive densitiesf, g, x = d(f)
andy = d(g), i.e. f(x) > 0 andg(y) > 0 for all x ∈ Rx and
y ∈ Ry. It can be shown that the semigroup of positive densities is
cancellative [2]. Then, for allz, y ⊆ z ⊆ x ∪ y,Z

x∈Rx−z

f(x, z)

g(z↓y)
dx =

R
x∈Rx−z f(x, z)

g(z↓y)
dx

for all z ∈ Rz. Motivated by this example, define labelingd∗ : Φ∗ →
D, η 7→ d∗(η), by

d∗(η) = d(φ) ∪ d(ψ), η = (φ, ψ). (15)

Now, adomain operatorM : Φ∗ → D and (partial) marginalization
↓∗: Φ∗×D, (η, z) 7→ η↓

∗z for z ∈M(η) are going to be defined. If
η = h(φ)⊗∗ h(ψ)−1 for someφ, ψ ∈ Φ, x = d(φ), andy = d(ψ),
then define

M(η) = {z : y ⊆ z ⊆ x ∪ y}, (16)

and

η↓
∗z = h(φ↓x∩z)⊗∗ h(ψ)−1, z ∈M(η). (17)



Else,η = (φ, ψ) for someφ, ψ ∈ Φ, x = d(φ), andy = d(ψ),
define

M(η) = {z : y ⊆ z ⊆ x ∪ y}, (18)

and

η↓
∗z = (φ↓x∩z, ψ), z ∈M(η). (19)

Note that↓∗ extends marginalization inΦ, i.e.z ∈ M(h(φ)) for all
z ⊆ d(φ), sinceh(φ) = h(φ) ⊗ h(e)−1 for all φ ∈ Φ, and for all
φ ∈ Φ, z ⊆ d(φ),

h(φ↓z) = h(φ)↓
∗z. (20)

This definition of marginalization does not take into account that
there may be other representantsη′ =∗ η with differentM(η′) 6=
M(η). In order to extend this definition of marginalization, it is now
shown that=∗ is congruent with marginalization, i.e.η =∗ η′, and
z ∈ M(η),M(η′) implies η↓

∗z =∗ η′
↓∗z. Let η = (φ, ψ) and

η′ = (φ′, ψ′) with x = (φ), y = d(ψ), x′ = d(φ′), y′ = d(ψ′) and
z ∈ D with y, y′ ⊆ z ⊆ x ∪ y, x′ ∪ y′. Then,φ ⊗ ψ′ = ψ ⊗ φ′

impliesx ∪ y′ = y ∪ x′, so, by the combination axiom it holds that

φ↓x∩z ⊗ ψ′ = (φ⊗ ψ′)
↓(x∪y′)∩z

= (ψ ⊗ φ′)
↓(y∪x′)∩z

= ψ ⊗ φ′
↓x′∩z

.

This shows that(φ↓x∩z, ψ) =∗ (φ′
↓x′∩z

, ψ′), and also

h(φ↓x∩z)⊗∗ h(ψ)−1 =∗ h(φ′
↓x′∩z

)⊗∗ h(ψ′)
−1
,

so=∗ is indeed congruent with marginalization. Since=∗ is congru-
ent with marginalization, it is sound to define

M∗(η) = {z ∈M(η′) : η′ =∗ η, d∗(η′) = d∗(η)},(21)

and forz ∈M∗(η)

η↓
∗z = η′

↓∗z
(22)

whereη′ =∗ η, d∗(η′) = d∗(η), z ∈ M(η′). Furthermore, the
following properties hold [2]:

(A3′) (Marginalization:) Forη ∈ Φ∗, x ∈M∗(η),

d∗(η↓
∗x) = x. (23)

(A4′) (Transitivity:) If η ∈ Φ∗ andx ⊆ y ⊆ d∗(η), thenx ∈
M∗(η) impliesx ∈M∗(η↓

∗y) andy ∈M∗(η) and

(η↓
∗y)

↓∗x
= η↓

∗x.

(A5′) (Combination:) If η, κ ∈ Φ∗ with d∗(η) = x, d∗(κ) = y
andz ∈ D such thatx ⊆ z ⊆ x ∪ y, thenz ∩ y ∈ M∗(κ)
impliesz ∈M∗(η ⊗∗ κ) and

(η ⊗∗ κ)
↓∗z

= η ⊗∗ κ↓
∗z∩y.

(A6′) (Domain:) η ∈ Φ∗ with d∗(η) = x implies thatx ∈M∗(η)
and

η↓
∗x = η. (24)

A structure(Φ∗, D, d∗,⊗∗,M∗, ↓∗) that satisfies (A1)-(A2),(A3′)-
(A6′), and (A7) is called avaluation algebra(with partial marginal-
ization) [5, 12]. Therefore, it is justified to refer to(Φ∗, D) as separ-
ative extension.

3 Embedding Gaussian Potentials

3.1 Gaussian Potentials

Consider a setr of variables. A Gaussian distribution over a finite
subsets of these variables is determined by itsmean value vector
µ : s→ R and theconcentration matrixK : s× s→ R, the inverse
of the variance-covariance matrix, which is assumed to bepositive
definite. Then, fort ⊆ s, µ↓t andK↓t are the restrictions tot and
t× t, respectively. If, on the contraryt ⊇ s, thenµ↑t andK↑t denote
the vector or matrix obtained fromµ orK by settingµ(X) = 0 and
K(X,Y ) = 0 for X,Y ∈ t− s.

Such a pair(µ,K), where bothµ andK are relative to a finite
subsets ⊆ r, is called aGaussian potential. A Gaussian potential
(µ,K), s = d(µ,K) represents aGaussian density

φµ,K(x) =
˛̨
2πK−1

˛̨− 1
2 e−

1
2 (x−µ)′K(x−µ), x ∈ Rs.

The sets is the label of the potential,d(µ,K) = s. Further, define the
operation of combination between two Gaussian potentials(µ1,K1)
and(µ2,K2) with domainss andt respectively as follows:

(µ1,K1)⊗ (µ2,K2) = (µ,K), (25)

where

K = K↑s∪t
1 +K↑s∪t

2 , (26)

µ = K−1
“
K↑s∪t

1 · µ↑s∪t1 +K↑s∪t
2 · µ↑s∪t2

”
. (27)

The Gaussian potential(µ,K) represents the Gaussian density

φµ,K(x) = φµ1,K1(x
↓s) · φµ2,K2(x

↓t) (28)

for x ∈ Rs∪t. Further, for a Gaussian potential(µ,K) on domains,
marginalization to a sett ⊆ s is defined by

(µ,K)↓t = (µ↓t,
“`
K−1´↓t”−1

), (29)

which represents the marginal Gaussian densityZ
y∈Rs−t

φµ,K(x,y)dy, x ∈ Rt. (30)

An alternative formula for marginalization is“
(K−1)

↓t
”−1

= K↓t −K↓t,s−t(K↓s−t)
−1
K↓s−t,t, (31)

see [1, 3]. According to (31), inversion of a matrix is not needed
on the whole domaind(µ,K) but only ond(µ,K) − t. Gaussian
potentials can be shown to be a valuation algebra [5]. The identity
element is(µ∅,K∅) for constant functionsµ∅(�) = K∅(�, �) = 0,
where� denotes the unique configuration ofΩ∅.

3.2 Pairs of Gaussian Potentials

Since the diagonal elements of a symmetric positive definite ma-
trix are positive, the intersection of the domains of the sumK =
K1

↑s∪t+K2
↑s∪t of two concentration matrices can be uniquely de-

termined, i.e.K2 can be obtained unambiguously fromK1 andK,
so the semigroup of Gaussian potentials is cancellative. Therefore,
there is a separative extension of Gaussian potentials. Furthermore,



the embedding of Gaussian potentials into pairs of Gaussian poten-
tials can be simplified since

h(µ,K) = [(µ, 2K), (µ,K)] =∗ [(µ,K), (µ∅,K∅)] .

Then, a pair[(µ1,K1), (µ2,K2)] ∈ Φ∗ can be marginalized tot (in
the sense ofM) whend(µ2,K2) ⊆ t ⊆ d(µ1,K1) ∪ d(µ2,K2).

An important case of a pair of Gaussian potentials is when it is
of the form(φ, φ↓t) for someφ ∈ Φ and t ⊆ d(φ) = s. Such a
pair represents a family{φµ,K(x|y)}y∈Rt of conditional Gaussian
densities

φµ,K(x|y) =
φµ,K(x,y)R

x∈Rs−t φµ,K(x,y)dx
, x ∈ Rs−t.(32)

3.3 Symmetric Gaussian Potentials

Combination of Gaussian potentials essentially consists in addition
of concentration matrices. So, since the denominator of a pair of
Gaussian potentials corresponds to division, the inverse operation of
combination, it is intuitive to ask whether this corresponds to some
sort of substraction. The difference of two positive definite matri-
ces is only symmetric in general. This is analgebraicmotivation to
consider such “concentration matrices”, which are symmetric but not
necessarily positive definite. However, there is also ananalyticmoti-
vation. Consider a conditional Gaussian density (32). Such a density
is of the form

φµ,K(x|y) =

˛̨
2πK−1

˛̨− 1
2˛̨

2πKt
−1

˛̨− 1
2

e−
1
2 (x−µ)′K(x−µ)

e−
1
2 (x↓t−µ↓t)′Kt(x↓t−µ↓t)

=

˛̨
2πK−1

˛̨− 1
2˛̨

2πKt
−1

˛̨− 1
2
e−

1
2 (x−µ)′(K−Kt)(x−µ)

for Kt = ((K−1)
↓t

)
−1

. More precisely, is there a valuation alge-
braΦ∆ whose “concentration matrices” are symmetric matrices and
which is isomorphic toΦ∗ (modulo=∗)? The answer is affirmative
[1].

DefineΦ∆ to be the set of pairs(µ,K) for some finite sets ⊆ r
of variables whereµ : Rs → R andK : Rs×Rs → R is symmetric,
i.e.K(X,Y ) = K(Y,X) for all X,Y ∈ s, and defined∆(µ,K) =
s. Such a(µ,K) is calledsymmetric Gaussian potential. However,
a technical problem arises when defining combination of such pairs:
SinceK has not to be positive definite any more, it is not necessarily
invertible. Based on the mappingh∆ : Φ → Φ∆,

h∆(µ,K) = (Kµ,K), (µ,K) ∈ Φ, (33)

combination⊗∆ in Φ∆ may be defined by

(µ1,K1)⊗∆ (µ2,K2) = (µ1
↑x∪y + µ2

↑x∪y,

K1
↑x∪y +K2

↑x∪y) (34)

for (µ1,K1), (µ2,K2) ∈ Φ∆, x = d∆(µ1,K1) and y =
d∆(µ2,K2). The domain and marginalization operatorsM∆ and↓∆
in Φ∆ can be (partially) defined for(µ,K) ∈ Φ∆, x = d∆(µ,K)
by

M∆(µ,K) = {t : K↓x−t positive definite}, (35)

and, in light of (31), fort ∈M∆(µ,K) ands = x− t

(µ,K)↓
∆t = (µ↓t −K↓t,s(K↓s)

−1
µ↓s,

K↓t −K↓t,s(K↓s)
−1
K↓s,t) (36)

whereK↓x1,x2 denotes the restriction ofK : Rx × Rx → R to
K↓x1,x2 : Rx1 × Rx2 → R for x1, x2 ⊆ x = d∆(µ,K). It can be
shown [2] that the valuation algebra of pairs of Gaussian potentials
and the valuation algebra of symmetric Gaussian potentials are iso-
morphic in the sense that there is a class isomorphismi : Φ∗ → Φ∆

such thatη =∗ η′ andd∗(η) = d∗(η′) imply that

i(η) = i(η′), (37)

and for allη, κ ∈ Φ∗,

i(η ⊗∗ κ) = i(η)⊗∆ i(κ), (38)

M∗(η) = M∆(i(η)), (39)

and, for allt ∈M∗(η),

i(η↓
∗t) = i(η)↓

∆t. (40)

Furthermore, note thatM∗ is defined only with respect to a whole
equivalence class, whereasM∆ is defined in terms of a unique sym-
metric Gaussian potential, and combination does not require any ma-
trix inversion. It is not possible to directly define a (labeled) quotient
valuation algebraΦ∗/ =∗ since=∗ is not domain-congruent.

4 Conditionals and Construction Sequences

In practical applications, Gaussian potentials are often given as a
product of conditional Gaussian densities, especially with models de-
fined on the basis of probability networks such as Bayesian networks.
A conditionalfor h givent is a valuationη in a separative extension
Φ∗, η =∗ (φ, φ↓t) for someφ ∈ Φ andt ⊆ d(φ), h = d(φ) − t. h
is called aheadandt a tail of η. Note that head and tail need not be
unique [2], i.e. it may also be a conditional for some different head
h′ and tailt′. A conditional forh = d∗(η) given t = ∅ is called a
density. If η ∈ Φ∗ is a conditional forh given t, thent ∈ M∗(η).
However, for every subsett′ ⊆ t, t′ 6∈ M∗(η). Furthermore, densi-
ties inΦ∗ are those elements which correspond to an element ofΦ,
i.e. η ∈ Φ∗ being a density implies that there is aφ ∈ Φ such that
η =∗ h(φ). It follows that densities are fully marginalizable. Note
also that the product of two conditionals is a conditional again, and
every marginal of a conditional is a conditional again, that is condi-
tionals form a valuation subalgebra.

A conditional Gaussian potentialis then a conditionalη in the sep-
arative extension of Gaussian potentials or the corresponding sym-
metric Gaussian potentiali(η). It can be proved [1] that(µ,K) ∈
Φ∆ is a conditional forh givent if and only ifK is symmetric non-
negative definite and ifK↓h is positive definite and has the same rank
asK. In the case of symmetric non-negative definite matrices, any
principal submatrix of the same rank asK is positive definite [3], so
here, head and tail are not unique.

A sequenceη1, η2, . . . , ηn of conditionals with headshi and tails
ti, i = 1, . . . , n is calledconstruction sequence[13, 5] if

• t1 = ∅,
• ti ⊆ (d∗(η1) ∩ . . . ∩ d∗(ηi−1)), and
• hi ∩ (d∗(η1) ∩ . . . ∩ d∗(ηi−1)) = ∅.

A construction sequence factors a density into conditionals, i.e.

η = η1 ⊗∗ η2 ⊗∗ · · · ⊗∗ ηn

is a density [2]. Moreover, for everyk = 1, . . . , n, it holds that

η1,...,k = η1 ⊗∗ η2 ⊗∗ · · · ⊗∗ ηk



is a density [2].
If the factorsη1, η2, . . . , ηn on a join tree form a construction se-

quence, then all marginals ofη = η1⊗η2⊗· · ·⊗ηn are well defined.
However, since marginals of conditionals are only partially defined,
it has to be verified that the algorithms for local computation can be
executed. Indeed, if the factors form a construction sequence, then
local computation is possible [13, 5, 12].

5 Conclusion

It has been shown that valuation algebras are suitable for an alge-
braic understanding of conditional Gaussian distributions. Starting
from the cancellative semigroup of Gaussian potentials, an algebra
of pairs of Gaussian potentials has been defined, where marginaliza-
tion is defined only partially. An equivalence relation has been intro-
duced into this valuation algebra and shown to be congruent with
combination and marginalization, allowing to extend marginaliza-
tion, such that a pair can be marginalized whenever an equivalent
pair can be marginalized [2]. An alternative representation of such
pairs as symmetric Gaussian potentials has been shown. Here, the
classes of equivalent elements of the same domain are mapped to
a unique symmetric Gaussian potential [1], so the domain operator
can be defined in terms of a single potential and not of a whole class
of potentials. Construction sequences have been introduced, which
factor a Gaussian potential into conditional Gaussian potentials. Fur-
thermore, it has been shown elsewhere [13, 5, 12] that local compu-
tation can be applied to such a construction sequence.

Future work should include an implementation of symmetric
Gaussian potentials, as well as showing the relationship between
conditional Gaussian potentials and Gaussian hints [11, 6], as well
as between symmetric Gaussian potentials and extended matrices of
Gaussian belief functions [9, 10].
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