Local Computation with Gaussian Potentials
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Abstract. Gaussian or multivariate normal distributions are very Often, a probability distribution, whose marginals are all well
popular and important probability modelSaussian potential§5] defined, is given as a product of conditional distributions, whose
are multivariate normal density functions. Such a distribution is of-marginals may only be partially defined. Construction sequences
ten given as a product @onditional Gaussian densitiewhich are  [13|,/5] capture factorizations of densities into conditionals in such a
more general than Gaussian potentials. These are relaBaligsian ~ way that the Lauritzen-Spiegelhalter [8[ 5] 12] and HUGIN [4, 5, 12]
hints[11] andGaussian belief functior{8,[10]. Gaussian potentials, algorithms can be applied, which exploit division introduced in the
which form acancellativesemigroup, can be embedded into a val- separative extension. This is the topic of Sedfipn 4.

uation algebra of pairs. In theparative extensiomarginalization

may be defined only partially. Gaussian potentials form a cancellag ~ Cancellative Semigroups

tive semigroup, so families of conditional Gaussian distributions are

in the separative extension of Gaussian potentials. Since combinatidRtroducing division into a semigroup has two purposes: First, this is
of Gaussian potentials is matrix additition of concentration matrices@n enrichment in elements; in the case of Gaussian potentials, condi-
division is substraction of concentration matrices, which leads to dional Gaussian potentials are added. This is important since a Gaus-
new representation of a pair of two concentration matrices by a symsian potential is often given as a product of conditional Gaussian
metric matrix, and to a valuation symmetric Gaussian potentials potentials. The second purpose is that more efficient local computa-
With this extension valuation algebra, local computation can be perion schemes such as the Lauritzen-Spiegelhalter and HUGIN archi-
formed on join trees. Construction sequences cover factorizations dgctures can be used with Gaussian potentials. In this section, first,

Gaussian potentials into conditional Gaussian potentials. cancellativity is introduced as a sufficient condition for a semigroup
to be embeddable into a group. Then, a lattice of labels or domains

is imposed on the elements of the semigroup, and a marginalization
operation is defined.

The abstract framework of valuation algebrias([5, 12] covers differ-

ent information representation systems such as relational databasgs] Embedding into a Group

and probability densities. Valuations represent information on some

domain, which is defined by a set of variables. Knowledge can bédational numbers can be expressed as pairs of non-zero integer num-
combined and it can be focussed (marginalized) to a domain of intefP€rs, or, more precisely, the semigrofp ®z) of non-zero integer

est. Starting from a cancellative semigroup, an algebra of pairs cafumbers is embedded into the gro(d, ®q) of non-zero rational

be defined, where marginalization is defined only partially [5[12, 2].numbersQ = Z x Z. The pair oquotient(z ®z z, 2) = *2%% € Q

How to introduce division into a valuation algebra has already beers @ representation of € Z in the larger seQ of rationals. Since
formulated in an abstract way ifil[7]. An equivalence relation can? ®z z = z ®z 2’ for z,2' € Z implies z = 2/, the mapping

be introduced into this algebra, which identifies elements that reprez — (2 ® 2, 2) is injective. More generally®, ®) is acommutative
sent the same information, in the same way as different quotients gfemigroupf

integers represent the same rational. This particular equivalence re¢a1) & is associative and commutative underi.e. for ¢, v, y €

1 Introduction

lation can be shown to be congruent with combination and marginal- ®,

ization. Based on this equivalence relation, marginalization can be

extended, leading to a separative extension valuation algebra with PoWex) = (¢®¢)®x, and
partial marginalization. This is the topic of Sect[dn 2. PRY = PR .

Gaussian potentials form a cancellative semigroup, so Gaussi%&] commutative semigroug®, ®) is cancellativeif, for ¢, 4, ¢ €
potentials can be embedded into the separative extension ofGauss,|$n¢® » = 6@ implies tr;atw — 4. Define ' o
potentials, which includes families of conditional Gaussian distribu- "’ '
tions. An alternative representation of such pairs as symmetric Gaus- o = {(p,¥): ¢, € D}, 1)
sian potentials can be defined, where the two concentration matricqﬁe set of pairs of elements &f. Then, the mapping : & — ",
are replaced by their difference, which is, in general, only symmetric, h(e),
but not positive definite. This representation has the advantage that
equivalent pairs of Gaussian potentials have a unique representation. h(¢) = (¢®¢,9) (2

This is the topic of Sectio] 3. is injective. Multiplication®g in Q is just multiplication of the nu-
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Then,(®*, ®*) is a commutative semigroup which exter(ds ®),
i.e.forg, v € @

he®y) = h(¢)®" h(y). (4)

In the rational numbers, there are different representations of the

“same” rational by pairs of integer numbers, for instaéc%, and
% are identified. Here, the connecting property is that6 = 2 ® 3,
3 ® 8 = 6 ® 4. More generally, the relatios™ in ®* defined by

(P1,91) =" (¢2,12) = 1 @2=¢1®@¢2 (5)

is anequivalence relationEven more, this relation isongruentwith
®*, i.e., forni, n2, i, ns € ®*,m =" n1 andny =" 15 imply that

n @ 1. (6)

It can be shown[2] that theeparative extensio®™ forms a group
with inverses(¢,v)™" = (¢,¢) and unit element(y, ) for
¢,v,x € @, which are unique up to equivalence moded. In

particular,h(¢) ™' = (4,6 ® ¢).

men =

2.2 Marginalization

If ® is a set of information pieces, which may be calleduations

[5], the elements ofb may be labeled by a domain they refer to.

Therefore, assumP to be a lattice of subsets of a gsedf variables
Then, each element € @ is labeled by a domaid(¢) € D. To
every variableX € r is associated a s€lx of values, called the

frameof X, and, similarly, to any set of variables is associated

the Cartesian produd®, = Xxxe.Qx of configurationsof . If
® consists of real functiong, thend(f) = =z just stands for the
definition domainQ2, = R?, ie. f : R — R. Here,x € R”
can be seen as a functien: x — R. The productf ® g of two
functionsf : R®* — R, g : R® — R is the real-valued function
(f ® g) : R*“* — R defined by

(fogx) = fx)-gx")

for all configurationsx € R*“* and wherex'* andx'’ are the re-
strictionsx|, andx|; of x : sUt — R to s andt, respectively. More
generally,

(A2) (Labeling) for ¢,v € @,
d(¢ @) = d(¢) Ud(¥). (7

For a non-negative continuoys: R® — R such that

/x L Jdx < o

the marginalsf** : R* — R are well defined for every subset_ s
by

) = [ sy yer

(A4) (Transitivity) For¢ € ® andz C y C d(¢),
(@) =o' ©)

(A5) (Combination) For ¢, ¢ € ® with d(¢) = z, d(¢) = y and
z € Dsuchthatt C 2 Cx Uy,

(p@¢)F =p@ypM.

A direct consequence of the transitivity and combinations axioms is
that

(10)

(6 ® ¢)lz _ ¢ld(¢)ﬁz ® ,l/]ld(w)mz (11)

for d(¢) Nd(y) C z C d(¢) Ud(v) [B], that is, as a long as no
common variables are involved, marginalization of a product can be
calculated on the factors independently. For technical reasons, the
following properties are added:

(A6) (Domain) ¢ € ® with d(¢) = = implies
¢ = o.

(A7) (Identity Elemen): There is an element € @, d(e) = 0,
such that for any € ®

(12)

PRe=eQ ¢ =0, (13)
and

exe=e. (14)
In the case of continuous densities, the identity element corresponds
to the constant. A structure(®, D, d, ®, |) satisfying (A1) through
(A7) is called avaluation algebra with full marginalizatiofbl, [12].
If the semigrou(®, ®) is cancellative, it is a special case asepa-
rative valuation algebrd5| [12,2].

It has already been seen th{gt", ®") is a group. Then, the pur-
pose is to define marginalizatigri in ®*, at least partially and such
that it exends marginalization if. First note that the equivalence
relation=" in ®* is notdomain-congruenti.e.» =* n’ does not
imply d*(n) = d*(n’), for instance for alky,1) € ® it holds that
(¢, 9) =" (¢,7). Consider two positive densitie§ g, x = d(f)
andy = d(g), i.e. f(x) > 0 andg(y) > 0 for all x € R” and
y € RY. It can be shown that the semigroup of positive densities is
cancellative [[2]. Then, foralt,y C z Cxz Uy,

f2) o Jxere- SO07)
/ gan) ™ = a

g9(ztv)
xERT—Z2

forallz € R*. Motivated by this example, define labelidg : o* —
D, n— d*(n), by

d'(n) = d(@)ud(),  n=I($ ).

Now, adomain operatotM : ®* — D and (partial) marginalization

(15)

Such a functiory may be calledlensity[5]. Densities are the model 1™: ®* x D, (7, z) - n*"* for z € M(n) are going to be defined. If
upon which the axioms of valuation algebras are built. Taking up nats) = h(¢) @ h(y) "~ for someg, s € &, z = d(¢), andy = d(¢),
ural properties of integration of densities, marginalization is an operthen define

ation|: ® ® D, (¢, ) — ¢! that satisfies the following properties

(A3)-(A5):
(A3) (Marginalization) For¢ € ®, x € D,z C d(¢),
d(¢'") = = (8)

M) = {z: yCzCaUy}, (16)

and

Nt = T @) zeM@m).  (17)



Else,n = (¢,v) for someg, v € ®, z = d(¢), andy = d(v),
define

M(n) {z: yCzCzUy}, (18)

and

nt:

(d)lzmz ) 1/])7

Note that| * extends marginalization i, i.e. > € M(h(¢)) for all
z C d(¢), sinceh(¢) = h(¢) @ h(e)” ' forall ¢ € ®, and for all
¢ €® zCd(9),

2 € M(n). (19)

h(¢"?) h(p)' 2. (20)

This definition of marginalization does not take into account that

there may be other representants=* n with different M(n’) #
M(n). In order to extend this definition of marginalization, it is now
shown that=" is congruent with marginalizatiqri.e.n =* »’, and

z € M(n), M%) impliesn*™* =* #/*"*. Lety = (¢,¢) and
= (¢, ¥ ) withz = (¢),y = d(¢), z' = d(¢ ).y' = d(¢') and

ze€ Dwithy,y CzCaUy, 2’ Uy . Thenp @9’ =9 ® ¢’

impliesz Uy’ = y Ux’, so, by the combination axiom it holds that

(¢ ® q/)/)i(zUy')ﬂz

(w ® d)/)i(yUm/)ﬁz

¢®¢/lm,ﬂz.

= (¢>’”/”Z, %), and also

¢la:ﬂz ® 1/)/

This shows that¢!®"#, 1))

1

BT @A) =" R ) @ @)

so="is indeed congruent with marginalization. Sine&is congru-
ent with marginalization, it is sound to define

M (n) {z € M)
and forz € M*(n)

7]/ =" nvd*(ﬁ/) d” (7])}7(21)

e (22)

wheren’ =* n, d*(n') = d*(n), z € M(n). Furthermore, the
following properties hold [2]:

(A3') (Marginalization) Forn € ®*, x € M*(n),

a"(n'"®) = . (23)

(A4") (Transitivity) If n € ®* andx C y C d*(n), thenz €
M*(n) impliesz € M*(n* ) andy € M*(n) and
(nl*y)l*QC — 771*

(A5’) (Combination) If n,x € ®* with d*(n) = =, d"(k) = y
andz € D suchthatr C 2 C z Uy, thenz Ny € M*(k)
impliesz € M*(n®* k) and

(7] ®* K)i*z =1 ®* Ki*zﬁy.

(A6") (Domain) n € ®* with d*(n) = x implies thatr € M*(n)

and .
nt T =n. (24)

A structure(®*, D, d*, ®*, M*, | *) that satisfies (A1)-(A2),(8')-
(A6"), and (A7) is called aaluation algebra(with partial marginal-
ization) [512]. Therefore, it is justified to refer {@*, D) as separ-
ative extension.

3 Embedding Gaussian Potentials
3.1 Gaussian Potentials

Consider a set of variables. A Gaussian distribution over a finite
subsets of these variables is determined by itean value vector
u : s — R and theconcentration matri¥< : s x s — R, the inverse
of the variance-covariance matrix, which is assumed tpdmtive
definite Then, fort C s, u't and K''t are the restrictions t6 and
t x t, respectively. If, on the contratyD s, thenu' and K¢ denote
the vector or matrix obtained from or K by settingu(X) = 0 and
K(X,Y)=0forX,Y €t —s.

Such a pair(u, K), where bothu and K are relative to a finite
subsets C r, is called aGaussian potentialA Gaussian potential
(1, K), s = d(u, K) represents &aussian density

1|—% e~ 3 K

wk(X) = ’27rK_ x € R®.
The sets is the label of the potentiad,(u, K') = s. Further, define the
operation of combination between two Gaussian potenialsK)

and(u2, K») with domainss andt respectively as follows:

(11, K1) @ (p2, K2) = (1, K), (25)

where
K = K[I*°"+K]™" (26)
po= KOU(EPV e KV ) @)

The Gaussian potentigl,, K') represents the Gaussian density

(ZSH,K(X) ls)  Pus, i (XU)

for x € R*“*. Further, for a Gaussian potentigl, K') on domains,
marginalization to a setC s is defined by

Pur Ky (X (28)

T A
(1) = (', (7)) ), (29)
which represents the marginal Gaussian density
| éuxtvdy,  xer. (30)
yERs—t
An alternative formula for marginalization is
((Kﬁl)lt) - Kt Klt,sft(Kisft)*lKlsft,t’ (31)

see [1[38]. According tg(31), inversion of a matrix is not needed
on the whole domain(u, K) but only ond(u, K) — t. Gaussian
potentials can be shown to be a valuation algebra [5]. The identity
element is(ug, Ky) for constant functiongy (o) = Kp(o,¢) = 0,
whereo denotes the unique configuration(@j.

3.2 Pairs of Gaussian Potentials

Since the diagonal elements of a symmetric positive definite ma-
trix are positive, the intersection of the domains of the slim=
K1Yt 4 K, 1Y% of two concentration matrices can be uniquely de-
termined, i.e. K> can be obtained unambiguously fraffy and K,

so the semigroup of Gaussian potentials is cancellative. Therefore,
there is a separative extension of Gaussian potentials. Furthermore,



the embedding of Gaussian potentials into pairs of Gaussian poteRyhere K!'=1:*2 denotes the restriction d& : R* x R®* — R to

tials can be simplified since

(1, 2K), (1, K)] =" (1, K), (120, Kp)] -

Then, a paif(u1, K1), (u2, K2)] € ®* can be marginalized to(in
the sense aM) whend (2, K2) C t C d(p1, K1) U d(p2, K2).

h(p, K) =

An important case of a pair of Gaussian potentials is when it is

Kl#o?2 L R71 « R*2 — R for r1,x2 Cx = dA(/A,K). It can be
shown [2] that the valuation algebra of pairs of Gaussian potentials
and the valuation algebra of symmetric Gaussian potentials are iso-
morphic in the sense that there is a class isomorphis@* — &2

such thaty =* " andd* () = d* (') imply that

of the form (¢, ¢'*) for somes € ® andt C d(¢) = s. Such a im = i), (37)

pair represents a familfg,, k (x|y)}ycr: of conditional Gaussian ;4 ¢or ally, € &

densities ' '
i@ w) = iln)®% i(k), (38)
bux (x]y) = P,k (X, Y) ,  xeRT(32) . B 9
Jeere—t Gur (x,y)dx M) = M7(n), (39)

) ) ) and, for allt € M*(n),
3.3 Symmetric Gaussian Potentials N

it = it (40)

Combination of Gaussian potentials essentially consists in addition
of concentration matrices. So, since the denominator of a pair Of:urthermore, note that1* is defined only with respect to a whole
Gaussian potentials corresponds to division, the inverse operation %fquivalence class, whereag® is defined in terms of a unique sym-
combination, it is intuitive to ask whether this corresponds to SOM&netric Gaussian potential, and combination does not require any ma-
sort of substraction. The difference of two positive definite matri- iy jnversion. It is not possible to directly define a (labeled) quotient

ces is only symmetric in general. This is algebraicmotivation to 5 uation algebra*/ =* since=" is not domain-congruent.
consider such “concentration matrices”, which are symmetric but not

necessarily positive definite. However, there is alsaralyticmoti-

vation. Consider a conditional Gaussian den$ity (32). Such a densi

is of the form

o= 3 (x—p) K (x—p)

lonk—1| "2

¢M,K(X|Y) (bt — L) Ky (bt —plt)

jork, | et
_1
AL IR TIPSR

|2mkc, 1|

& Conditionals and Construction Sequences

In practical applications, Gaussian potentials are often given as a
product of conditional Gaussian densities, especially with models de-
fined on the basis of probability networks such as Bayesian networks.
A conditionalfor h givent is a valuatiorn in a separative extension
%, = (¢, ¢'") for somep € ® andt C d(¢), h = d(¢) —t. h

is called aheadandt atail of . Note that head and tail need not be
unique [2], i.e. it may also be a conditional for some different head
h’ and tailt’. A conditional forh = d*(n) givent = 0 is called a

-1 . . o . .
for K, = ((K~)'") . More precisely, is there a valuation alge- density If € ®* is a conditional forh givent, thent € M*(n).
bra®> whose “concentration matrices” are symmetric matrices andHowever, for every subset C ¢, ¢" ¢ M*(n). Furthermore, densi-

which is isomorphic tab* (modulo=")? The answer is affirmative
[11.

Define®* to be the set of pairgy, &) for some finite ses C r
of variables wherg, : R®* — RandK : R* xR® — R is symmetric,
ie. K(X,Y)=K(Y,X)forall X,Y € s, and definel® (i, K) =
s. Such a(u, K) is calledsymmetric Gaussian potentidfowever,

ties in®™* are those elements which correspond to an elemedt of
i.e.n € ®* being a density implies that there ispac ® such that

n =" h(¢). It follows that densities are fully marginalizable. Note
also that the product of two conditionals is a conditional again, and
every marginal of a conditional is a conditional again, that is condi-
tionals form a valuation subalgebra.

a technical problem arises when defining combination of such pairs: A conditional Gaussian potenti then a conditionaj in the sep-
SinceK has not to be positive definite any more, it is not necessarilyarative extension of Gaussian potentials or the corresponding sym-

invertible. Based on the mappifg* : & — &2,

W (wK) = (KmK),  (1,K)€®, (33)

combination? in & may be defined by
(p1, K1) % (12, K2) = (ua 'Y + oY
K19 4 K179V (34)
for (u1, K1), (p2, K2) € ®%, & = d®u,Ki) andy =
d® (2, K»). The domain and marginalization operatars™ and |2
in ®2 can be (partially) defined fafu, K) € &2, z = d®(u, K)
by

M2, K) = {t: K'"positive definitg, (35)
and, in light of [31), fort € M*(u, K) ands = = — ¢
A 3 S\ s
()= (= KR T
K'Y — KW (R TIRYY (36)

metric Gaussian potentia(n). It can be proved [1] thaty, K) €
o4 is a conditional forh givent if and only if K is symmetric non-
negative definite and iK'" is positive definite and has the same rank
as K. In the case of symmetric non-negative definite matrices, any
principal submatrix of the same rank Asis positive definite[[3], so
here, head and tail are not unique.

A sequence)y, 12, . . . , 1, Of conditionals with heads, and tails
ti,i=1,...,nis calledconstruction sequendg3, (5] if

. =10

° tlg( *(nl)ﬁ...ﬂd*(m,l)),and

e hin(d (m)N...Nd" (ni-1)) = 0.

A construction sequence factors a density into conditionals, i.e.
n = MmO M Q@ M

is a density[[2]. Moreover, for evely= 1, ..., n, it holds that

Mok = MO M Q" n



is a density([2]. [10]
If the factorsn, n2, ..., n, 0N a join tree form a construction se-

guence, then all marginals 9f= 71 ®12: ® - - -®n,, are well defined. [11]

However, since marginals of conditionals are only partially defined,

it has to be verified that the algorithms for local computation can bg12]

executed. Indeed, if the factors form a construction sequence, then

local computation is possiblz [113,/5.112]. [13]

5 Conclusion

It has been shown that valuation algebras are suitable for an alge-
braic understanding of conditional Gaussian distributions. Starting
from the cancellative semigroup of Gaussian potentials, an algebra
of pairs of Gaussian potentials has been defined, where marginaliza-
tion is defined only partially. An equivalence relation has been intro-
duced into this valuation algebra and shown to be congruent with
combination and marginalization, allowing to extend marginaliza-
tion, such that a pair can be marginalized whenever an equivalent
pair can be marginalized[2]. An alternative representation of such
pairs as symmetric Gaussian potentials has been shown. Here, the
classes of equivalent elements of the same domain are mapped to
a unique symmetric Gaussian potentidl [1], so the domain operator
can be defined in terms of a single potential and not of a whole class
of potentials. Construction sequences have been introduced, which
factor a Gaussian potential into conditional Gaussian potentials. Fur-
thermore, it has been shown elsewhére [13, 5, 12] that local compu-
tation can be applied to such a construction sequence.

Future work should include an implementation of symmetric
Gaussian potentials, as well as showing the relationship between
conditional Gaussian potentials and Gaussian hints[[11, 6], as well
as between symmetric Gaussian potentials and extended matrices of
Gaussian belief functions][9, 10].
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