
EXAM ESTIMATION - DETECTION

21/10/2016

SOLUTIONS

Exercise 1: Estimation

1. Maximum likelihood estimation

(a)

f(x1, · · · , xn;β, θ) =

∏n
i=1 x

β−1
i

Γ(β)nθnβ
exp

(
−
∑n

i=1 xi
θ

)
ln f(x1, · · · , xn;β, θ) = −nβ ln θ − n ln Γ(β) + (β − 1)

n∑
i=1

lnxi −
∑n

i=1 xi
θ

∂ ln f(x1, · · · , xn;β, θ)

∂θ
= −nβ

θ
+

∑n
i=1 xi
θ2

!
= 0 =⇒ θ =

∑n
i=1 xi
nβ

=
x̄

β

∂2 ln f(x1, · · · , xn;β, θ)

∂θ2
=
nβ

θ2
− 2

∑n
i=1 xi
θ3

∂2 ln f(x1, · · · , xn;β, θ)

∂θ2

∣∣∣∣
θ=x̄/β

=
nβ

x̄2/β2
− 2

nx̄

x̄3/β3
= −nβ

3

x̄2
< 0

=⇒ θ̂ML =

∑n
i=1 xi
nβ

=
x̄

β

(b)

E
[
θ̂ML

]
= E

[∑n
i=1 xi
nβ

]
=

∑n
i=1 E [xi]

nβ
=
nβθ

nβ
= θ =⇒ unbiased

Var
[
θ̂ML

]
= Var

[∑n
i=1 xi
nβ

]
=

∑n
i=1 Var [xi]

n2β2
=
nβθ2

n2β2
=

θ2

nβ
=⇒ convergent

(c)

I(θ) = E
[
−∂

2 ln f(x1, · · · , xn;β, θ)

∂θ2

]
= −nβ

θ2
+ 2

∑n
i=1 E[xi]

θ3
=
nβ

θ2

CRB(θ) =
θ2

nβ
= Var

[
θ̂ML

]
=⇒ θ̂ML is the efficient estimator for θ

(d) Using the characteristic function of the Gamma law with parameters a and b, we have

ϕX(t) = E
[
eitX

]
= (1− itb)−a

ϕY=
∑n
i=1Xi

(t) = E
[
eit

∑n
i=1Xi

]
=

n∏
i=1

E
[
eitXi

]
=

n∏
i=1

ϕX(t) = (1− itb)−na

and therefore, Y =
∑n

i=1Xi ∼ G(na, b). The probability distribution of Z = cX is

gZ(z) = fX(x(z))

∣∣∣∣dxdz
∣∣∣∣ =

1

Γ(a)ba

(y
c

)a−1
exp

(
− y
bc

) 1

a
=

1

Γ(a)(bc)a
ya−1 exp

(
− y
bc

)
and hence Z = cX ∼ G(a, bc). Substituting a = β, b = θ and c = 1

nβ gives

θ̂ML =

∑n
i=1 xi
nβ

∼ G
(
nβ,

θ

nβ

)
.
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2. Method of moments

(a)

E[X] = βθ −→ θ̂m1 =
x̄

β

Hence θ̂m1 = θ̂ML and θ̂m1 it is unbiased, convergent, and the efficient estimator for θ.

(b)

E[X2] = Var[X] + E[X]2 = βθ2 + β2θ2 = θ2β(1 + β)

θ =

√
E[X2]

β(1 + β)
−→ θ̂m2 =

√ ∑n
i=1 x

2
i

nβ(1 + β)

(c) With n = 1, the estimator simplifies to θ̂m2 = x√
β(1+β)

.

bm2(θ) = E[θ̂m2 ]− θ =
βθ√

β(1 + β)
− θ = θ

(√
β

1 + β
− 1

)
= θ

√
β −
√

1 + β√
1 + β

Var[θ̂m2 ] =
βθ2

β(1 + β)
=

θ2

1 + β

msem2(θ) = bm2(θ)2 + Var[θ̂m2 ] = θ2

(√
β

1 + β
− 1

)2

+
θ2

1 + β
= 2θ2

(
1−

√
β

1 + β

)

3. Bayesian estimation with Jeffrey’s prior for θ

(a) From 1.(c), we immediately have p(θ) ∝
√
I(θ) =

√
nβ
θ2

=
√
nβ
θ .

(b)

f(θ;x, β) ∝
∏n
i=1 x

β−1
i

Γ(β)nθnβ
exp

(
−
∑n

i=1 xi
θ

) √
nβ

θ

ln f(θ;x, β) ∝ −(nβ + 1) ln θ − n ln Γ(β) + (β − 1)

n∑
i=1

lnxi −
∑n

i=1 xi
θ

+
1

2
ln(nβ)

∂ ln f(θ;x, β)

∂θ
= −nβ + 1

θ
+

1

θ2

n∑
i=1

xi
!

= 0 =⇒ θ =

∑n
i=1 xi

nβ + 1

∂2 ln f(θ;x, β)

∂θ2

∣∣∣∣
θ=

∑n
i=1

xi
nβ+1

=
nβ + 1

θ2
− 2

θ3

n∑
i=1

xi

∣∣∣∣∣
θ=

∑n
i=1

xi
nβ+1

= − (nβ + 1)3

(
∑n

i=1 xi)
2
< 0

=⇒ θ̂JMAP =

∑n
i=1 xi

nβ + 1

θ̂JMAP =
n∑
i=1

xi
nβ

nβ(nβ + 1)
=

n∑
i=1

xi
nβ + 1 − 1

nβ(nβ + 1)
= θ̂ML −

∑n
i=1 xi

nβ(nβ + 1)

4. Bayesian estimation with inverse Gamma prior IG(k, τ) for θ: θ ∼ IG(k, τ)
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(a)

f(x1, · · · , xn;β, θ) =

∏n
i=1 x

β−1
i

Γ(β)nθnβ
exp

(
−
∑n

i=1 xi
θ

)
pθ(θ; k, τ) =

τk

Γ(k)
θ−k−1 exp (−τ/θ)

f(θ;x, β, k, τ) =

∏n
i=1 x

β−1
i

Γ(β)nθnβ
exp

(
−
∑n

i=1 xi
θ

)
τk

Γ(k)
θ−k−1 exp (−τ/θ)

=
τk
∏n
i=1 x

β−1
i

Γ(k)Γ(β)n︸ ︷︷ ︸
C

θ−(nβ+k)−1 exp

(
−
∑n

i=1 xi + τ

θ

)

= IG

(
nβ + k,

n∑
i=1

xi + τ

)

(b)

ln f(θ;x, β, k, τ) = lnC − (nβ + k + 1) ln θ −
∑n

i=1 xi + τ

θ
∂ ln f(θ;x, β, k, τ)

∂θ
= −nβ + k + 1

θ
+

∑n
i=1 xi + τ

θ2

!
= 0

θ̂MAP =

∑n
i=1 xi + τ

nβ + k + 1

(One verifies that ∂2 ln f(θ;x,β,k,τ)
∂θ2

∣∣∣
θ=

∑n
i=1

xi+τ

nβ+k+1

< 0.)

(c) For X ∼ IG(k, τ) we have

E[X] =

∫
x
τk

Γ(k)
x−k−1 exp (−τ/x) dx =

∫
τk

Γ(k)
x−(k−1)−1 exp (−τ/x) dx

= τ
Γ(k − 1)

Γ(k)

∫
τk−1

Γ(k − 1)
x−(k−1)−1 exp (−τ/x) dx︸ ︷︷ ︸

=
∫
IG(k−1,τ) = 1

= τ
Γ(k − 1)

Γ(k)
=

τ

k − 1
.

Since the posterior law of θ is IG (nβ + k,
∑n

i=1 xi + τ), we immediately have

θ̂MMSE =

∑n
i=1 xi + τ

nβ + k + 1
.
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Exercise 2: Detection

1. We want to test the hypotheses H0 : θ = θ0 and H1 : θ = θ1 with θ1 > θ0.

(a)

reject H0 if
f(x1, · · · , xn;β, θ|H1)

f(x1, · · · , xn;β, θ|H0)
> Kα∏n

i=1 x
β−1
i Γ(β)nθnβ0 exp

(
−

∑n
i=1 xi
θ1

)
∏n
i=1 x

β−1
i Γ(β)nθnβ1 exp

(
−

∑n
i=1 xi
θ0

) > Kα

(
θ0

θ1

)nβ
exp

(
−

n∑
i=1

xi

(
1

θ1
− 1

θ0

))
> Kα

nβ(ln θ0 − ln θ1) +
n∑
i=1

xi

(
1

θ0
− 1

θ1

)
︸ ︷︷ ︸

>0

> lnKα

Tn =
n∑
i=1

xi > tα =
θ0θ1

θ1 − θ0
(lnKα + nβ(ln θ1 − ln θ0))

(b) It immediately follows that under H0, Tn ∼ IG(nβ, θ0) and under H1, Tn ∼ IG(nβ, θ1).

(c)

α = P [reject H0|H0 true] = P [Tn > tα|Tn ∼ IG(nβ, θ0)]

= 1−
∫ tα

0

θnβ0 x−nβ−1

Γ(nβ)
exp(−θ0/x)dx = 1− F0(tα)

=⇒ tα = F−1
0 (1− α)

(d)

π = P [reject H0|H1 true] = P [Tn > tα|Tn ∼ IG(nβ, θ1)]

= 1−
∫ tα

0

θnβ1 x−nβ−1

Γ(nβ)
exp(−θ1/x)dx = 1− F1(tα)

= 1− F1(F−1
0 (1− α))

2.

reject H0 if
supθ∈Ω1

f(x1, · · · , xn|θ)
supθ∈Ω0

f(x1, · · · , xn|θ)
=
f(x1, · · · , xn|θ = θ̂ML(1))

f(x1, · · · , xn|θ = θ0)
> Kα

∏n
i=1 x

β−1
i Γ(β)nθnβ0 exp

(
−

∑n
i=1 xi

θ̂ML(1)

)
∏n
i=1 x

β−1
i Γ(β)nθ̂nβML(1) exp

(
−

∑n
i=1 xi
θ0

) > Kα

(
βθ0

x̄

)nβ
exp

(
−nx̄

(
β

x̄
− 1

θ0

))
> Kα

nβ(ln(βθ0)− ln x̄)− nβ +
nx̄

θ0
> lnKα

βθ0(ln(βθ0)− ln x̄− 1) + x̄ >
θ0 lnKα

n

Tn = x̄− βθ0 ln x̄ > tα =
θ0 lnKα

n
− βθ0(ln(βθ0)− 1)
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3. (a) Since the parameter θ is unknown, the Kolmogorov test can not be applied. The χ2 test is
appropriate for this problem.

(b)

θ̂ML =
x̄

β
=

∑n
i=1 xi
nβ

=

∑25
i=1 xi
100

= 1.84

The mean is given by µ = βθ̂ML = 7.36 and the standard deviation by σ =
√
βθ̂ML = 3.68.

(c) With a = 1−F−1(3/4), the classes for testing for the standard Normal distributionN (0, 1)
are given by

(−∞,−a], (−a, 0] (0, a], (a,∞)

and the classes for N (µ = 7.36, σ2 = 3.682) are therefore

C1 = (−∞, µ− σa] = (−∞, 4.88]

C2 = (µ− σa, µ] = (4.88, 7.36]

C3 = (µ, µ+ σa] = (7.36, 9.84]

C4 = (µ+ σa,∞] = (9.84, ,∞]

(d) The test statistic is given by

φ =
K∑
k=1

(nk −Npk)2

Npk

with K = 4, pk = 1/4 and (n1, n2, n3, n4) = (5, 11, 4, 5). Hence,

φ =
4

25

(
25

16
+

361

16
+

81

16
+

25

16

)
=

492

100
= 4.92.

Since the unknown parameter θ was replaced with its maximum likelihood estimate, the
critical value of the test is given by the quantile of the χ2 distribution with N = K − 1 − 1
degrees of freedom, tα = 4.61 < 4.92. The test therefore rejects the hypothesis that the
sample is Normal with significance α = 0.1.
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